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We investigate two new observational perspectives in the context of torsional gravitational modification
of general relativity, i.e., the fðTÞ gravity: (i) We use Pantheon data of type Ia supernovae motivated
by a time variation of the Newton’s constant on the supernovae distance modulus relation, and find that a
joint analysis with baryon acoustic oscillations (BAO) and big bang nucleosynthesis (BBN), i.e.,
Pantheonþ BAOþ BBN, provides constraints on the effective free parameter of the theory to be well
compatible with the ΛCDM prediction; (ii) We present the framework of fðTÞ gravity at the level of linear
perturbations with the phenomenological functions, namely the effective gravitational coupling μ and the
light deflection parameter Σ, which are commonly used to parametrize possible modifications of the
Poisson equation relating the matter density contrast to the lensing and the Newtonian potentials,
respectively. We use the available cosmic microwave background (CMB) datasets from the Planck 2018
release to constrain the free parameters of the fðTÞ power-law gravity and ΛCDM models. We find that
CMB data, and its joint analyses with Pantheon and BAO data constrain the fðTÞ power-law gravity
scenario to be practically indistinguishable from the ΛCDM model. We obtain the strongest limits ever
reported on fðTÞ power-law gravity scenario at the cosmological level.
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I. INTRODUCTION

Several extensions of general relativity (GR) have been
proposed (see [1–5] for a review) and exhaustively inves-
tigated to explain the observational data in cosmology and
astrophysics. In particular, the additional gravitational
degree(s) of freedom from the modified gravity (MG)
models quantify extensions of the ΛCDM cosmology,
and can drive the accelerated expansion of the Universe
at late times. Several of these extensions have been found to
fit the data well, and thereby lead to a possible theoretical
degeneracy among several proposals. Among viable can-
didates for MG theories, modifications starting from the
torsion-based formulation, and specifically from the tele-
parallel equivalent of general relativity [6], have been of
great interest in recent years. Since in this theory the
Lagrangian is the torsion scalar T, the simplest modifica-
tion is the fðTÞ gravity (see [7–9] for a review).
On the other hand, we currently have increasingly

accurate measurements of the cosmological parameters

that challenge the consensus on the ΛCDM model [10].
Certainly, the most significant tension with the standard
model provision is the observed value of the present
cosmic expansion rate, quantified by the Hubble constant,
H0. As is well known, assuming the minimal ΛCDM
scenario, Planck-CMB data analysis provides H0 ¼
67.4� 0.5 km s−1 Mpc−1 [11], which is in ∼5σ tension
with the SH0ES team local measurement H0 ¼ 73.30�
1.04 km s−1 Mpc−1 [12]. Additionally, many other late time
measurements are in agreement with a higher value for the
Hubble constant (see the discussion in [10,13,14]). Moti-
vated by these observational discrepancies, unlikely to
disappear completely by introducing multiple and unrelated
systematic errors, it has been widely discussed in the
literature whether new physics beyond the standard cos-
mological model can solve the H0 tension (see [10,13–15]
and references therein for a review). On the other hand, it
has been argued that the H0 tension is actually a tension on
the supernovae (SN) absolute magnitude MB [16,17],
because the SH0ES H0 measurement comes directly from
MB estimates. The CMB constraint on the sound horizon
to the SN absolute magnitude MB using the inverse
distance ladder predictsMB ¼ −19.401� 0.027 mag [18],
while the SN measurements from SH0ES corresponds to
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MB ¼ −19.244� 0.037 mag [17]. These measurements
are at 3.4σ tension. Thus, as argued in [16,17,19,20] rather
than explaining theH0 tension, one should instead focus on
the SN absolute magnitude tension, because this is what the
Cepheid calibrations are designed to measure. Some
attempts to explain the H0 tension by modifying the GR
have already been made in the literature (see [10,13,14] for
recent reviews).
MG scenario has an impact on the astrophysics of SN, by

allowing the gravitational constant to vary with redshift z,
which can induce a redshift dependent effect on the peak
luminosity of the SN from the mass of the white dwarf
progenitors [21,22]. The correction due to the evolution of
intrinsic luminosity in the value of Newton’s gravitational
constant G has been studied, and it has also been utilized to
place constraints on several models [23–26]. This means
that for accurate cosmological studies of gravity, we must
carefully consider modified gravity’s impact on SN Ia
astrophysics and its implication in terms of cosmological
parameter inference. The first main aim of this work is to
make the above-mentioned corrections in the fðTÞ gravity
context and study the resulting implications.
It is well known that modification to GR can induce

significant changes on the growth of density fluctuations and
the large scale structures, aswell as on theCMBanisotropies,
among several other traces and observations (see [1,2] for a
review). These potential deviations are commonly encoded
in the phenomenological functions Σ and μ that parametrize
modifications of the perturbed Einstein’s equations relating
the matter density contrast to the lensing and the Newtonian
potential, respectively [27–30]. The second main aim of this
work is to obtain new observational constraints on the fðTÞ
gravity using the full Planck-CMB data, after deriving the
relation for the functions Σ and μ in the fðTÞ gravity
framework. The fðTÞ gravity has been intensively inves-
tigated using geometrical data after computing the modified
expansion rate of the Universe HðzÞ [31–48], and also
on subhorizon scales by considering measurements of
the growth rate [49–54]. The fðTÞ teleparallel gravity is
investigated previously with different observational data
in [31–35,37–39,41–45,47,48,51,55–59], and in particular
with full CMB data in [31,60,61]. The new ingredient in the
present work is to quantify the MG effects parameterized by
phenomenological functions Σ and μ, which are intensively
used in the literature for others MG models, as well as to
observe the effects of new corrections on the SN Ia as
described above. With these perspectives, we aim to present
the most robust constraints on fðTÞ gravity using the latest
Planck-CMB, BAO, BBN and Pantheon data.
The manuscript is organized as follows. In Sec. II, we

briefly review the fðTÞ gravity and its cosmology, where
the scalar perturbative evolutions in terms of Σ and μ are
described along with one of the most-used fðTÞ gravity
power-law model. In Sec. III, we describe the datasets used
for our analysis and the methodology adopted. In Sec. IV,

we present our main results and discussion, focusing on the
power-law model and the effects on the CMB power
spectrum. Finally, in Sec. V we summarize our results.

II. f ðTÞ GRAVITY

The action of a generalized teleparallel gravity can be
written as

S ¼ 1

2κ2

Z
d4xjejfðTÞ þ SM; ð1Þ

where T denotes the teleparallel torsion scalar; jej ¼ffiffiffiffiffiffi−gp ¼ detðeμaÞ; κ ≡
ffiffiffiffiffiffiffiffiffi
8πG

p
, where G is Newton’s con-

stant; and SM is the action of matter fields. Hereafter, we
consider fðTÞ ¼ T þ FðTÞ and SM to run over the matter
fields, i.e, baryons, dark matter, photons and neutrinos.
We assume that the spatial background geometry of the

universe is of a flat Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. Hence, we take the Cartesian coordinate
system (t; x; y; z) and the diagonal vierbein

eμa ¼ diagð1; aðtÞ; aðtÞ; aðtÞÞ; ð2Þ

where aðtÞ is the scale factor of the universe. The above
vierbein generates the flat FLRW spacetime metric

ds2 ¼ dt2 − aðtÞ2δijdxidxj: ð3Þ

This defines the teleparallel torsion scalar as

T ¼ −6H2: ð4Þ

Variation of the action with respect to the vierbeins
provides the field equations as

e−1∂μðeeρASρμνÞð1þ FTÞ þ eρASρ
μν
∂μðTÞFTT

− ð1þ FTÞeλATρ
μλSρνμ þ

1

4
eνA½T þ FðTÞ�

¼ 4πGeρA½T ðmÞ
ρ
ν þ T ðrÞ

ρ
ν�; ð5Þ

with FT ¼ ∂F=∂T, FTT ¼ ∂
2F=∂T2, and where T ðmÞ

ρ
ν and

T ðrÞ
ρ
ν are the matter and radiation energy-momentum

tensors respectively.
Inserting the vierbein (2) into the field equations (5), we

acquire the Friedmann equations as

H2 ¼ 8πG
3

ðρm þ ρrÞ −
f
6
þ TFT

3
; ð6Þ

_H ¼ −
4πGðρm þ Pm þ ρr þ PrÞ

1þ FT þ 2TFTT
; ð7Þ

with H ≡ _a=a the Hubble parameter, and where we use
dots to denote derivatives with respect to cosmic time t.
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Observing the form of the first Friedmann equation (6),
we deduce that in fðTÞ cosmology we acquire an effective
dark energy sector of gravitational origin. In particular, we
can define the effective dark energy density as

ρDE ≡ 3

8πG

�
−
f
6
þ TFT

3

�
: ð8Þ

In what follows, a subindex zero attached to any quantity
implies its value at the present time. In this work, we are
interested in confronting the model with observational data.
Hence, we first define

H2ðzÞ
H2

0

¼ TðzÞ
T0

; ð9Þ

with T0 ≡ −6H2
0.

Therefore, using additionally that ρm ¼ ρm0ð1þ zÞ3,
ρr ¼ ρr0ð1þ zÞ4, we rewrite the first Friedmann equa-
tion (6) as [62]

H2ðz; rÞ
H2

0

¼ Ωm0ð1þ zÞ3 þΩr0ð1þ zÞ4 þ ΩF0yðz; rÞ ð10Þ

where

ΩF0 ¼ 1 −Ωm0 −Ωr0; ð11Þ

with Ωi0 ¼ 8πGρi0
3H2

0

, the corresponding density parameter at

present. In this case, the effect of the fðTÞ modification is
encoded in the function yðz; rÞ (normalized to unity at
present time), which depends onΩm0;Ωr0, and on the fðTÞ-
form parameters r1; r2;…, namely [62]:

yðz; rÞ ¼ 1

T0ΩF0
ðf − 2TfTÞ: ð12Þ

It is interesting to note that the additional corrections on
the effective Friedmann equation (10) is a function of the
Hubble function only.
Now we describe how the linear scalar perturbations

evolve in the context of fðTÞ gravity. The most general
linear scalar perturbations of the vierbein can be written
as [63]1

e00 ¼ aðτÞ · ð1þ ψÞ; ð13Þ

e0i ¼ aðτÞ · ∂iζ; ð14Þ

ea0 ¼ aðτÞ · ∂aζ; ð15Þ

eaj ¼ aðτÞ · ðð1 − ϕÞδaj þ ϵajk∂ksÞ; ð16Þ

where ϕ and ψ are the two potentials describing the scalar
modes of the metric perturbations (fixed to the Newtonian
gauge). The function ζ represents the scalar part of a
Lorentz boost, and s is the scalar part of a spatial rotation.
The variable τ stands for conformal time. The complete set
of linear perturbations (scalar, vector and tensor modes) are
well described in [64]. In this present work, we deal with
the scalar and tensor modes.
First, the Poisson equation in GR, obtained from the

combination of time-time and time-space components of
the perturbed Einstein equation, reads

−k2ϕ ¼ 4πGa2
X

ρiΔi; ð17Þ
while the anisotropic space-space component yields

−k2ðψ − ϕÞ ¼ 12πGa2
X

ρið1þ wiÞσi; ð18Þ

where in the above equations Δi ¼ δi þ 3Hð1þ wiÞθi=k2
is the rest-frame density perturbation of matter species i, σi
is the anisotropic shear stress, and θi is the divergence of
the peculiar velocity. The functionH is the Hubble function
in the conformal time, which is related to cosmic time by
H ¼ aH. Hereafter prime means derivative with respect to
conformal time. In GR, the lensing equation is written as

−k2ðψ þ ϕÞ ¼ 8πGa2
X

ρiΔi: ð19Þ

Now, we obtain the same equation for the fðTÞ gravity.
Combining the symmetric part and the mixed components
of the perturbation equations described in [63], we obtain
the Poisson equation

−k2ϕ ¼ 4πμTGa2
X

ρiΔi; ð20Þ
while the spatial part and the off-diagonal components
yield

−k2ðψ − RϕÞ ¼ 12πμTGa2
X

ρið1þ wiÞσi
þ 12πμTGΞa2H

X
ρið1þ wiÞθi: ð21Þ

In the above equations, we define the following quantities:

μT ¼ 1

fT
; ð22Þ

Ξ ¼ 12ðH0 −H2ÞμTfTT; ð23Þ

R ¼ 1þ 3Ξ
k2a2

½H2Ξþ ðH0 −H2Þa2�: ð24Þ

As expected for μT ¼ 1 and Ξ ¼ 0, we recover GR.
The lensing equation in fðTÞ gravity can still be written in
the form

1We changed the metric potentials ϕ ↔ ψ in order to match
with the notations presented in [64], which is usually assumed in
the Boltzmann codes.
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−k2ðψ þ ϕÞ ¼ 8πμTGa2S; ð25Þ

where

S ¼
X

ρiΔi

�ð1þ RÞ
2

þ 3

2

ΞH
P

ρið1þ wiÞθiP
ρiΔi

�
: ð26Þ

Here we can identify

ΣT ¼ μT
2

�
ð1þ RÞ þ 3ΞH

P
ρið1þ wiÞθiP
ρiΔi

�
; ð27Þ

to define the lensing equation in its usual form

−k2ðψ þ ϕÞ ¼ 8πΣTGa2
X

ρiΔi: ð28Þ

As usually done in the literature, assuming i ¼ m (only
matter contributions and disregarding radiation and neu-
trinos), we have

−
k2

a2
ðψ þ ϕÞ ¼ 8πΣTGρmΔm; ð29Þ

where

ΣT ¼ μT
2

�
ð1þ RÞ þ 3ΞHθm

Δm

�
: ð30Þ

This framework described above encodes the deviations
from GR into two phenomenological functions, namely the
effective gravitational coupling μ and the light deflection
parameter Σ, which enter the Poisson and lensing equa-
tions, respectively. The function μ encodes the deviations
of the gravitational interaction on the clustering of matter
with respect to ΛCDM, while Σ measures the deviation in
the lensing gravitational potential. The ΛCDM model is
recovered when μ ¼ Σ ¼ 1. This methodology has been
used to investigate efficiently the most diverse proposals of
MG scenarios (see [65–76] for a short list).
To complete the set of linear perturbations, we also take

into account the tensor perturbations modes [63]

h00ij þ 2H
�
1þ Ξ

2a2

�
h0ij þ k2hij ¼ 0: ð31Þ

An important point is that the speed of GWs remains the
same as in GR. Some direct consequences of GWs in fðTÞ
gravity have been investigated previously in [45,77–85].
In this work, we consider the power-law model given by

fðTÞ ¼ T þ FðTÞ ¼ T þ αð−TÞb; ð32Þ

where α and b are two model parameters [86]. This
parametric form has been the most investigated in literature
and perhaps the most viable model. Our main aim is not to

exhaustively analyze different models and/or parametriza-
tions, but present a new methodology and perceptions to
analyze the fðTÞ gravity framework. Therefore, we focus
on the results of this specific model. Without loss of
generality, the methodology can be applied to other para-
metric models of fðTÞ gravity. Inserting this fðTÞ form into
Friedmann equation at present, we acquire a theoretical
constraint on the parameter α, viz.,

α ¼ ð6H2
0Þ1−b

ΩF0

2b − 1
: ð33Þ

Thus, the full theory is completely specified from a
single free parameter, i.e., the parameter b. In order to get
the expansion rate of the Universe, i.e., the HðzÞ function,
we follow the same methodology as in [62].
We modify the CLASS [87,88] code to introduce these

perspectives for the fðTÞ gravity model to be tested here
with the observational data.2

III. DATA AND METHODOLOGY

In order to derive constraints on the model baseline, we
use the following datasets.

(i) CMB: From the Planck 2018 legacy data release, we
use the CMB measurements, viz., high-l Plik TT
likelihood (in the multipole range 30 ≤ l ≤ 2508),
TE and EE (in the multipole range 30 ≤ l ≤ 1996),
low-lTT-only (2 ≤ l ≤ 29), the low-lEE-only
(2 ≤ l ≤ 29) likelihood [89], in addition to the
CMB lensing power spectrum measurements [90].

(ii) BAO: From the latest compilation of baryon acoustic
oscillation (BAO) distance and expansion rate mea-
surements from the SDSS collaboration, we use 14
BAO measurements, viz., the isotropic BAO mea-
surements of DVðzÞ=rd (where DVðzÞ and rd are the
spherically averaged volume distance, and sound
horizon at baryon drag, respectively) and anisotropic
BAO measurements of DMðzÞ=rd and DHðzÞ=rd
(where DMðzÞ and DHðzÞ ¼ c=HðzÞ are the comov-
ing angular diameter distance and the Hubble dis-
tance, respectively), as compiled in Table 3 of [91].

(iii) BBN: We use the state-of-the-art assumptions on
big bang nucleosynthesis (BBN) data comprising of
measurements of the primordial abundances of
helium YP [92] and the deuterium measurement
yDP ¼ 105nD=nH [93]. It is known that the BBN

2We add the new features of the modified equations for back-
ground and perturbation evolutions in CLASS by implementing the
modifications in background.c and perturbations.c
modules, respectively. More specifically, the background equa-
tions (10)–(12), following the methodology of Ref. [62] are
implemented in background.c, and the Poisson and lensing
equations (20)–(30) and the single Einstein equation (31) for tensor
perturbations are implemented in the functionperturbations_
einstein.
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likelihood is sensitive to the constraints on the
physical baryon density ωb ≡Ωbh2 and the effective
number of neutrino species Neff , and we fix Neff ¼
3.046 in the present work. For theoretical predic-
tions, the baseline likelihood uses the code PAR-

THENOPE 2.0 [94].
(iv) Pantheon: We use the type Ia supernovae distance

modulimeasurements from the Pantheon sample [95],
which constrain the uncalibrated luminosity distance
H0dLðzÞ, or the slope of the late-time expansion rate
(which in turn constrains Ωm).

The theoretical apparent magnitude mB for a SN at redshift
z reads

mB ¼ 5log10

�
dLðzÞ
1 Mpc

�
þ 25þMB; ð34Þ

where MB is the absolute magnitude.
The calibrated type Ia supernova absolute magnitudeMB

is in general assumed to be truly a constant, i.e., the
parameter MB should be independent of redshift z. It has
been argued that a possible variation of the absolute
magnitude MB and equivalently of the absolute luminosity
L ∼ 10−2MB=5, could be due to a variation in the value of
Newton’s constantG [22,24]. This is due to the fact that the
absolute luminosity is proportional to the Chandrasekhar
mass L ∼MChandra, which depends on Newton’s constantG
as L ∼G−3=2. Therefore, any modification of gravity will
generate an effective gravitational constant in the form of
Geff that will induce a natural correction on the distance
modulus. In the presence of a varying effective gravita-
tional constant, the theoretical distance modulus defined by
μthðzÞ ¼ mB −MB, in view of Eq. (34), is given by

μthðzÞ ¼ 5 log10 dLðzÞ þ 25þ 15

4
log10

GeffðzÞ
G

: ð35Þ

Taking the quasistatic approximation and the modified
Poisson equation in fðTÞ gravity context, we have [61,96]

GeffðzÞ
G

¼ 1

fT
¼ μT: ð36Þ

Thus, it is possible that redshift dependence may carry
useful information about the robustness of the determina-
tion of H0 using the Pantheon sample and about possible
modifications of GeffðzÞ induced from the fðTÞ gravity
framework. Figure 1 shows the behavior of the effective
gravitational coupling as a function of z. As expected for
very high z, we have μT ¼ 1, while at late times, deviations
of gravitational force depend on the sign of the distortion
parameter b, viz., gravity can be weaker (b < 0), or
stronger (b > 0) in comparison with GR for z < 6. The
effect increases as z decreases, as expected. Several
authors have recently explored this possibility or similar
approximations in the most diverse modified gravity

scenarios [24,97–103]. Here we explore these conse-
quences in fðTÞ gravity in the next section.
All cosmological observables are computed with

CLASS [87,88]. In order to derive bounds on the proposed
scenarios, we modify the efficient and well-known cos-
mological package MONTEPYTHON [104]. In particular,
we modify the Pantheon likelihood to incorporate the
predictions given by Eq. (35). We assess the convergence
of the MCMC chains using the Gelman-Rubin parameter
R − 1 [105], requiring R − 1 < 0.01 for the chains to be
converged.
For the analyses with the CMB data, the baseline reads:

fωb;ωc; θs; As; ns; τ; bg: ð37Þ

Here, ωb and ωc are the baryon and cold dark matter
physical densities; θs is the angular acoustic scale; As and
ns are the amplitude and tilt of the initial curvature
power spectrum at the pivot scale k ¼ 0.05=Mpc; τ is
the optical depth to reionization and b is the free parameter
of the fðTÞ gravity model, quantifying the deviations from
the ΛCDM model.
In the analyses without the CMB data, the baseline reads:

fωb;ωc; bg: ð38Þ

In our analyses, we assume all baseline parameters with
wide ranges of flat priors. In what follows, we present and
discuss our main results.

IV. MAIN RESULTS AND DISCUSSIONS

Figure 2 on the left panel shows the theoretical pre-
diction for the expansion rate of the Universe at late
times for reasonable and different values of b. On the
right panel, we show a relative difference ðHfðTÞGravityðzÞ−
HΛCDMðzÞÞ=HΛCDMðzÞ. We can note that for b > 0 (< 0),

FIG. 1. The effective gravitational coupling μTðzÞ ¼ Geff ðzÞ
G as a

function of redshift z for different and reasonable values of b.
Other parameters are fixed to their Planck-CMB best fit values.
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the contributions due to the effective dark energy terms
induced for the torsional gravitational modification correc-
tions will make the Universe expand faster (slower),
respectively. For a correction of Oð0.1Þ, we expect a
difference of ∼1.5% compared to ΛCDM model.
Figure 3 on the left panel shows the theoretical pre-

diction for the CMB TT anisotropy power spectrum for
different values of b. While drawing this plot, we fix all
common parameters baseline to Planck-ΛCDM values, and
then adopt different values of b. The fðTÞ gravity under
consideration here will affect CMB power spectrum in
three ways. First, the change in the time evolution of metric
potentials ϕ and ψ will modify the early integrated Sachs–
Wolfe effect. For modes inside the horizon, these early time
contributions tend to decrease as a function of l. The first
peak localization can be significantly affected by this effect.
Thus, different values of b (in magnitude and sign) can
differently change the position of the first acoustic peak.
The peak location will be changed by the angular diameter
distance at decoupling, which depends on the expansion

history after decoupling. Consequently, the scenario stud-
ied here will be changed due to the correction in the HðzÞ
function at late times.
Second, it is important to note that the residual time

variation of ϕ and ψ at late times, when the effective dark
energy changes the Universe’s expansion-rate behavior, the
metric fluctuations start decaying again. Thus, the model
will also change the late integrated Sachs-Wolfe contribu-
tion. This late effect is present on all scales, because the
effective dark energy domination produces a decay of
metric fluctuations at all wavelengths, but with peaks at
l ¼ 2, and predominant effects on very large scales, i.e.,
l < 40. This effect is also attenuated due to changes inHðzÞ
function at late times. Thus, the model tends to deviate
significantly from the ΛCDM at large scales. The pre-
dominance of these modifications at large scales is clear in
Fig. 3. Such effects on CMB power spectrum are also
quantified in [31]. Therefore, even small corrections of the
order of b ∼Oð0.01Þ can significantly affect CMB power
spectrum. Thus, the observational constraints from CMB

FIG. 2. Left panel shows the theoretical prediction for the expansion rate of the Universe at late times for reasonable and different
values of b. The value b ¼ 0 corresponds to ΛCDM model. Right panel shows the difference ðHfðTÞGravityðzÞ −HΛCDMðzÞÞ=HΛCDMðzÞ.

FIG. 3. Left panel shows the theoretical prediction for the CMB TT anisotropy power spectrum for different values of b. The value

b ¼ 0 stands for ΛCDM model. Right panel shows the difference ðCTT;fðTÞGravity
l − CTT;ΛCDM

l Þ=CTT;ΛCDM
l for different values of b.
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data must be predominant. Third main effect comes from
the tensor perturbations, which are known to contribute
to temperature anisotropies on large angular scales and to
E-type and B-type polarization anisotropies on all scales.
For reasonable values of the free parameter b of our model,
these effects must be negligible on the temperature and
polarization anisotropies that we are going to use to
constrain the model, i.e., the Planck-CMB data. We keep
the predictions of the tensor modes simply for consistency.
Important aspects in this regard are investigated previously
in [78]. On the right panel in Fig. 3, we show the

relative difference ðCTT;fðTÞGravity
l − CTT;ΛCDM

l Þ=CTT;ΛCDM
l .

We notice that the parameter b can affect the CMB
temperature considerably.
Table I reports a summary of the analyses considering

the BAOþ BBN and BAOþ BBNþ Pantheon data com-
binations. We also show the constraints on the ΛCDM
model for comparison. The BBN information in combina-
tion with BAO is considered to break any possible
degeneracy in the H0 −Ωm plane because we know that
BAOþ BBN can constrain these parameters very well.
Thus we first analyze BAOþ BBN combination, i.e.,
without taking into account the new perspectives on the
type Ia supernovae distance moduli. We note that the

FIG. 4. Left panel shows the magnitude-redshift relation of the Pantheon SN sample in the redshift range 0 < z < 1.2 for values
of b within the range of values summarized in Table I. Right panel shows the relative difference compared to ΛCDM model using the
same values.

FIG. 5. One-dimensional and two-dimensional marginalized confidence regions (68% C.L. and 95% C.L.) for b, Ωm and H0 obtained
from the BAOþ BBN and BAO þ BBNþ Pantheon data for the fðTÞ gravity model. The parameter H0 is in units of km s−1 Mpc−1.
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parameter b can be non-null at 1σ C.L., but fully compat-
ible with ΛCDM model for greater statistical significance.
With the addition of Pantheon data, we can note improve-
ment on the full baseline, and in particular the tendency of b
to the null values. This is due to the introduction of new
factors in eq. (35). Figure 4 on the left panel shows the
magnitude-redshift relation of the Pantheon SN sample in
the redshift range 0 < z < 1.2 for values of b within the
range of best-fit values summarized in table I. On the right

panel, we show the relative difference from the ΛCDM
model using the same values. Figure 5 shows the para-
metric space at 68% C.L. and 95% C.L. for the para-
meters of interest of the model. The constraints (68%
and 95% C.L.s) on the free parameter of the theory
from the joint analysis BAOþ BBNþ Pantheon read
b ¼ 0.044þ0.038þ0.069

−0.038−0.066 . One may expect that the calibrated
absolute magnitude MB could undergo some modifica-
tion. However, we do not find significant changes on MB

TABLE I. Constraints at 68% C.L. on the free and some derived parameters in fðTÞ gravity and standard ΛCDM models for
BAOþ BBN and BAOþ BBNþ Pantheon data. In the analyses with Pantheon data,MB is the nuisance parameter. The parameter H0

is measured in units of km s−1 Mpc−1.

Model → ΛCDM model fðTÞ Gravity model

Parameter BAOþ BBN BAOþ BBNþ Pantheon BAOþ BBN BAOþ BBNþ Pantheon

102ωb 2.234� 0.036 2.232� 0.036 2.234� 0.036 2.231� 0.036
ωc 0.113þ0.0100

−0.0130 0.1114� 0.0089 0.106þ0.0100
−0.0130 0.109� 0.0100

b � � � � � � 0.102þ0.053
−0.060 0.044� 0.038

MB � � � −19.439� 0.037 � � � −19.431þ0.028
−0.038

Ωm 0.296þ0.017
−0.020 0.295� 0.014 0.292þ0.017

−0.021 0.290� 0.016
H0 67.5þ1.1

−1.2 67.3� 1.0 66.2þ1.2
−1.4 66.8� 1.2

Geffðz ¼ 0Þ=G 1 1 1.117þ0.044
−0.10 1.040þ0.033

−0.046

FIG. 6. One-dimensional and two-dimensional marginalized confidence regions (68% and 95% C.L.) for b,Ωm andH0 obtained from
the CMB, CMBþ BAO, and CMBþ BAOþ Pantheon data for the fðTÞ gravity model. The parameterH0 is in units of km s−1 Mpc−1.
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(and consequently also on H0). Thus, in the light of these
new perspectives, the model under consideration here does
not alleviate the tension in MB and/or H0.
Table II summarizes the constraints at 68% C.L. on

the free and some derived parameters of the fðTÞ gravity
and standard ΛCDM models from CMB, CMBþ BAO
and CMBþ BAOþ Pantheon data. Figure 6 shows the
parametric space at 68% C.L. and 95% C.L. for some
parameters of interest. As previously mentioned, any
variation in b can induce significant changes in the
CMB spectrum. Looking at the percentage of changes that
can occur compared to ΛCDM model, quantified in
Figure 3, we expect b ≪ 1. In all the analyses with
the CMB data from Planck 2018 release, here we find
b ∼Oð10−4Þ, and a complete statistical agreement of the
fðTÞ gravity model with the ΛCDM. We see that the
full baseline does not show significant changes compared
to ΛCDM, and notice only small increments on the error
bars due to the additional free parameter b. The joint
analyses with the BAO and Pantheon data provide tight
constraints on the parameters of the models. The final
constraints (68% and 95% C.L.s) on the free parameter b of
the theory from the full joint analysis CMBþ BAOþ
Pantheon read b ¼ ð1.7þ2.0þ4.0

−2.0−3.9 Þ × 10−4. From Figure 6,
we notice a positive correlation of b with H0. So larger
values of b correspond to the larger values of H0. In our
present analyses, the parameter b is left free with flat
priors, and we find b ∼Oð10−4Þ, the most robust constraint
on b in the context of fðTÞ gravity scenario compared to
earlier studies on fðTÞ gravity with different perspec-
tives [31–35,37–39,41–45,47,48,51,55–58,60–62]. Finally,
therefore, in light of these new perspectives, the fðTÞ gravity
scenario investigated in the present work is practically
indistinguishable from the ΛCDM model.

It may be noted that the power-lawmodel of fðTÞ gravity
considered here is studied with the full CMB data (Planck
2015 release) and BAO data in [61]. In the context of
our present study, it is important to highlight the recent
work [31], where the background expansion history of the
power-law model was investigated using Planck-CMB
2018 and its combination with several other datasets.
Now, in the study presented here, we have studied this
model with full CMB (Planck 2018 release) data and an
updated compilation of BAO data. We have also taken into
account the new perspectives in the light of the SN sample,
while correcting the theoretical predictions of the distance
moduli. In addition, we have also considered some new
perspectives at the level of linear perturbations not before
exploited. Therefore, the theoretical methodology in com-
bination with these new/updated data samples are studied
for the first time in this work in the context of fðTÞ gravity.
Some differences of our main motivations and results can
be pointed out in relation to previous works: (i) We have
taken into account the evolution of the scalar and tensor
perturbations modes, leading to more robust/restrictive
constraints on b, when the model is confronted with
CMB data; (ii) Our current BAO sample is vastly robust
compared to all other previous works. (iii) Our SN sample
is corrected by taking into account the evolution of Geff
effects, leading to more robust constraints on the para-
meter b. In [31], the authors robustly constrain the GR
distortion parameter to b ∼Oð10−2Þ while in our present
study, we get the most tight constraint b ∼Oð10−4Þ ever
obtained in the context of fðTÞ gravity power-law model.
Further, a strong degeneracy betweenH0 and b, and the use
ofH0 prior (R19) lead to higher values ofH0 in [31]. In our
present analyses, we have not used Dark Energy Survey
(DES) data as the galaxy clustering and weak gravitational

TABLE II. Constraints at 68% C.L. on the free and some derived parameters of the fðTÞ gravity and standard ΛCDM models from
CMB, CMBþ BAO and CMBþ BAOþ Pantheon data. In the analyses with Pantheon data, MB is the nuisance parameter. The
parameter H0 is measured in units of km s−1 Mpc−1.

Model → ΛCDM model fðTÞ Gravity model

Parameter CMB CMBþ BAO
CMBþ BAOþ

Pantheon CMB CMBþ BAO
CMBþ BAOþ

Pantheon

102ωb 2.236� 0.015 2.244� 0.013 2.242� 0.013 2.239� 0.014 2.238þ0.013
−0.014 2.241� 0.013

ωc 0.1200� 0.0012 0.1193� 0.0010 0.11934� 0.00093 0.1196� 0.0016 0.1193� 0.0001 0.11894þ0.00086
−0.00100

100θs 1.04186� 0.00030 1.04190� 0.00029 1.04194� 0.00028 1.04200� 0.00039 1.04195� 0.00032 1.04212� 0.00035
lnð1010AsÞ 3.045þ0.013

−0.016 3.048� 0.015 3.047� 0.015 3.045� 0.014 3.046þ0.013
−0.016 3.045� 0.014

ns 0.9653� 0.0042 0.9669þ0.0039
−0.0035 0.9665� 0.0037 0.9667� 0.0053 0.9669þ0.0046

−0.0042 0.9688� 0.0039

τreio 0.0549þ0.0067
−0.0082 0.0563� 0.0077 0.0561� 0.0076 0.0544þ0.0070

−0.0078 0.0560þ0.0062
−0.0080 0.0557þ0.0066

−0.0074
b � � � � � � � � � ð0.8þ2.4

−2.1 Þ × 10−4 ð0.8þ2.0
−2.0 Þ × 10−4 ð1.7þ2.0

−2.0 Þ × 10−4

MB � � � � � � −19.418� 0.012 � � � � � � −19.413þ0.013
−0.012

Ωm 0.3151� 0.0074 0.3109� 0.0060 0.3109� 0.0057 0.3123� 0.0098 0.3107� 0.0060 0.3082þ0.0052
−0.0065

H0 67.38� 0.54 67.69� 0.44 67.69þ0.38
−0.43 67.60� 0.71 67.69� 0.44 67.88þ0.47

−0.41
Geffðz ¼ 0Þ=G 1 1 1 1.00006þ0.00016

−0.00015 1.00006� 0.00014 1.00012� 0.00014
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sample should be used to test modified gravity only after
modeling the matter power spectrum to incorporate the
modified gravity effects correctly, mainly at non-linear
level predictions.
One can apply the new methodology presented here on

various fðTÞ gravity models to obtain more robust con-
straints on the distortion parameter b. For instance, here we
have obtained very robust constraints on the distortion
parameter b of power-law fðTÞ gravity model compared to
previous studies.

V. FINAL REMARKS

The increasing quantity and quality of available data
allows us to test GR at cosmological scales with good
accuracy. Several extensions of GR have been proposed as
alternatives to the standard cosmological model despite of
the ΛCDM model successes on several fronts. In the
present work, we have investigated the effects of scalar
linear perturbations parameterized in terms of the functions
Σ and μ in the context of modified teleparallel gravity on
the CMB anisotropies power spectrum. Also, we have
carried out our analyses by considering Geff function in the
SN distance modulus relation through the Pantheon sample
of type Ia supernovae. Both aspects are investigated in the
present work for the first time. We have noticed that a very
small correction in fðTÞ gravity, beyond the ΛCDMmodel,
is able to generate the fluctuations of CMB temperature.
But from the analyses of fðTÞ gravity power-law scenario

with the full Planck-CMB 2018 data, we have found that
these corrections are practically indistinguishable from the
ΛCDM prediction. Our new methodology with the updated
and new datasets has offered a more robust constraint on the
power-law model of fðTÞ gravity compared to the previous
study [61]. We have obtained the strongest limits ever
reported on fðTÞ gravity power-law scenario at the cosmo-
logical level. Finally, the strong constraint on b from CMB
data is not the final conclusion on fðTÞ gravity, in general. In
fact, we have introduced a new cosmological methodology
never before explored in the context of fðTÞ gravity, using
full CMBand SNdata, and presented the analysis of themost
popular and used model, namely the power-law model from
the literature of fðTÞ gravity. Following our new observa-
tional methodology of fðTÞ gravity, onemay look for testing
various fðTÞ gravity models, especially in the context of
cosmological tensions (e.g. [60]).
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