
MNRAS 520, 4696–4714 (2023) https://doi.org/10.1093/mnras/stad336 
Advance Access publication 2023 February 1 

A numerical study of fourth- and fifth-order r etr ograde mean motion 

resonances in planetary systems 

Alan Cefali Signor , 1 ‹ Gabriel Antonio Carit ́a 

1 , 2 and Maria Helena Moreira Morais 1 ‹

1 Instituto de Geoci ̂ encias e Ci ̂ encias Exatas, Universidade Estadual Paulista (UNESP), Avenida 24-A, 1515, 13506-900 Rio Claro, SP, Brazil 
2 Divis ̃ ao de Mec ̂ anica Espacial e Controle, INPE, 12227-310 S ̃ ao Jos ́e dos Campos, SP, Brazil 

Accepted 2023 January 25. Received 2023 January 25; in original form 2022 December 24 

A B S T R A C T 

We present a numerical study on the stability of all fourth- and fifth-order retrograde mean motion resonances (1/3, 3/1, 1/4, 
4/1, 2/3, and 3/2) in the 3-body problem composed of a solar mass star, a Jupiter mass planet, and an additional body with 

zero mass (elliptic restricted problem) or masses corresponding to either Neptune, Saturn, or Jupiter (planetary problem). The 
fixed point families exist in all cases and are identified through libration of all resonant angles simultaneously. In addition, 
configurations with libration of a single resonant angle were also observed. Our results for the elliptic restricted 3-body problem 

are in agreement with previous studies of retrograde periodic orbits, but we also observe new families not previously reported. 
Our results regarding stable resonant retrograde configurations in the planetary 3-body problem could be applicable to extra-Solar 
systems. 

Key words: methods: numerical – planetary systems – planets and satellites: dynamical evolution and stability. 
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.  I N T RO D U C T I O N  

n the last decade, several numerical and analytical studies in the
ramework of the circular restricted 3-body problem (CR3BP) pro-
ide a solid base regarding the knowledge of the resonant dynamics
f asteroids with high-inclination orbits, in particular the case of
etrograde configurations (inclination close to 180 degrees with
espect to the ecliptic) (Morais & Namouni 2013a , 2016 ; Namouni &

orais 2015 ). These studies led to the identification of Centaurs in
etrograde resonances with Jupiter and Saturn (Morais & Namouni
013b ), and (514107) Ka‘epaoka‘awela in the co-orbital resonance
ith Jupiter (Morais & Namouni 2017 ; Wiegert, Connors & Veillet
017 ; Namouni & Morais 2018 ). Recently, families of periodic orbits
elated to retrograde resonances in the circular and elliptic restricted
-body problems (ER3BP) were computed by Kotoulas & Voyatzis
 2020a , b ) and Kotoulas, Morais & Voyatzis ( 2022 ). 

The simulations by Malmberg, Davies & Heggie ( 2011 ) showed
hat close encounters between stars can lead to planet exchange and
hus may generate planetary systems with high relative inclinations.
he possibility of counter -rev olving configurations in extra-Solar
ystems (relative inclination between the planets near 180 degrees)
as investigated by Gayon & Bois ( 2008 ) and Gayon-Markt & Bois

 2009 ). These authors showed that fitting radial-v elocity curv es for
etrograde instead of prograde configurations could, in some cases,
ead to smaller residuals. Therefore, it is possible that some of the
nown extra-Solar systems have counter -rev olving planets. 
In Carit ́a, Signor & Morais ( 2022 ), we studied the stability of

lanetary systems in the 1/1, 1/2, and 2/1 retrograde resonances.
hese systems were composed by a solar mass star, a prograde
lanet with the mass of Jupiter, and a retrograde planet with zero
 E-mail: alan.cefali@unesp.br (ACS); helena.morais@unesp.br (MHMM) 
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ass (ER3BP) or masses corresponding to Neptune, Saturn, or
upiter [planetary 3-body problem (3BP)]. In the current article,
e extend this study to the retrograde resonances 1/3, 3/1, 1/4,
/1, 2/3, and 3/2. In Section 2 , we describe our numerical methods
nd present results for the retrograde resonances 1/3, 3/1, 1/4, 4/1,
/3, and 3/2 in the elliptic restricted and planetary cases (ER3BP
nd 3BP). In Section 3 , we discuss our results and present the
onclusions. 

.  N U M E R I C A L  STUDY  O F  F O U RT H  A N D  

IFTH  R E T RO G R A D E  M E A N  M OT I O N  

ESONA NCES  

he system considered in the simulations is composed of a solar
ass star and two bodies orbiting the star in opposite directions,

he prograde one in counter-clock wise motion and the retrograde
ne in clockwise motion. We use a notation p / −q to represent a
etrograde resonance with mean motion ratio p / q . The astrocentric
rbital elements are: a (semimajor axis), e (eccentricity), I (orbital
nclination), ω (argument of pericentre), � (longitude of the ascend-
ng node), M (mean anomaly), T (orbital period), � (longitude of
ericentre), and λ (mean longitude). Variables without subscript refer
o the retrograde body, while variables with subscript ‘p’ refer to the
rograde body. The prograde body has unitary semimajor axis ( a p =
.0) and a mass of 0 . 001 M �, thus it al w ays interacts gravitationally
ith other bodies. The semimajor axis of the retrograde body is fixed

t the nominal resonance location a = ( q / p ) 2/3 . The retrograde body
as zero mass in the ER3BP, and in the planetary 3BP it has mass
qual to either Neptune (0 . 000 054 19 M �), Saturn (0 . 000 2857 M �),
r Jupiter (0 . 001 M �). Recalling that a retrograde p / −q mean motion
esonance has order p + q (Morais & Namouni 2013a ), we investigate
he stable configuration of planar systems in all fourth- and fifth-order
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Figure 1. Configurations for the internal resonances displayed in four quadrants illustrating the orientations of the pericentres and apocentres at initial mean 
anomalies M = 0 and M = π . The Roman numerals indicate pairing of the initial configurations which, due to the commensurability between the orbital periods, 
are equi v alent with a time-lag of half a period of the external object (4/ −1 and 3/ −1). For 3/ −2 the configurations they are equi v alent with a time-lag of an 
entire period. 

Figure 2. Configurations for the external resonances displayed in four quadrants illustrating the orientations of the pericentres and apocentres at initial mean 
anomalies M = 0 and M = π . The Roman numerals indicate pairing of the initial configurations which, due to the commensurability between the orbital periods, 
are equi v alent with a time-lag of half a period of the external object (1/ −4 and 1/ −3). For 2/ −3 the configurations are equi v alent with a time-lag of an entire 
period. 
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M

Figure 3. Resonant maps for the 1/ −3 resonance in the ER3BP: (a) M = 0; 
(b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the colour 
bar and the o v erlying white symbols indicate the fixed point family where 
all resonant angles librate around a centre. The coloured symbols indicate 
libration of a single resonant angle, φ2 (green) and φ3 (blue). The orange and 
grey lines indicate, respectively, collision at time zero or after half a period 
of the external object. 
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Figure 4. Resonant maps for the 1/ −3 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of a 
single resonant angle, φ2 (green) and φ3 (blue). The orange and grey lines 
indicate, respectively, collision at time zero or after half a period of the 
external object. 
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etrograde mean motion resonances (1/ −3, 3/ −1, 1/ −4, 4/ −1, 2/ −3,
nd 3/ −2). 

The numerical integrations were performed using REBOUND
ith the adaptive step integrator Bulirsch–Stoer (Rein & Liu 2012 ).
he integration was stopped when the distance to the star was large

han 10 a p (escape) or when the distance between the two bodies was
maller than the sum of their radii (collision). 

Assuming a counter-clockwise reference frame, the longitudes
re defined in the orbital plane for the prograde planet (counter-
lockwise motion) and are measured in the direction of the object’s
rbital motion, so λp = � p + M p where � p = ω p + �p . For the
etrograde planet (clockwise motion) the longitudes are measured
gainst the direction of the object’s orbital motion, hence λ = � 

M where � = � − ω. This is also the convention used within
EBOUND. 
The resonant maps indicate in which regions the libration of the

esonant angle of the CR3BP occurs; for a p / −q mean motion
esonance this resonant angle is φ0 = −q λ − p λp + ( p + q ) � 
NRAS 520, 4696–4714 (2023) 
Morais & Namouni 2013a ). The regions with libration of both φ0 

nd 	� = � − � p indicate a fixed point family of the resonant
roblem, these are identified by a white symbol. The colour bar of
he resonant maps indicates the semi-amplitude libration of φ0 (its

aximum variation around the resonant centre value). To facilitate
nterpretation of the figures, we relate a colour to each resonant
rgument different from φ0 . Regions of libration of one of these
ngles were represented by symbols in their respective colours. These
olours are also used in the figures with the evolution of the orbital
lements. We identify the two type of families that may occur in the
esonant maps when both φ0 and 	� , or one of the others resonant
rguments librate (around either 0 or π ), with semi-amplitude less
han π /4. 

In our numerical simulations the planets are in a quasi-coplanar
onfiguration, with initial inclination of the retrograde planet I =
79.99 ◦. If we considered the strictly two-dimensional case, we
ould also observe vertical unstable families but these should not
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Figure 5. Orbital evolution of the initial conditions circled in Fig. 4 . In (a) 
the initial condition is e = 0.5, e p = 0.7. In (b) the initial condition is e = 

0.25, e p = 0.95. The first, second, third, and fourth panels sho w, respecti vely, 
the third body’s semimajor axis, its eccentricity, the difference 	� between 
the longitudes of pericentre, and the resonant angles φ0 , φ1 , φ2 , φ3 , and φ4 . 
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Figure 6. Resonant maps for the 1/ −3 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of a 
single resonant angle, φ2 (green) and φ3 (blue). The orange and grey lines 
indicate, respectively, collision at time zero or after half a period of the 
external object. 
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ccur in realistic systems. We set the longitude of the nodes to be
ero ( � = �p = 0) 

The results of the numerical integrations were arranged in resonant 
aps computed in a grid of eccentricity of the retrograde body versus

ccentricity of the prograde planet. Using 6400 initial conditions of 
 e , e p ), we construct a grid of 80x80 initial eccentricities in the
ange (0,1). For each initial condition, the system was integrated 
or 2 × 10 5 T p . To represent all possible configurations, we present
ur results in maps with four quadrants with a total of 25 600
nitial conditions, these quadrants correspond to the permutations 
f aligned/anti-aligned pericentres/apocentres. In Q 1 , � p = � = 

; in Q 2 , � p = 0 and � = π ; in Q 3 , � p = � = π ; and in Q 4 ,
 p = π , and � = 0. In Figs 1 and 2 , we present, respectively, the

nitial configuration for the inner and outer resonances. The initial 
ean anomaly of the prograde planet has the same value as the

ongitude of the pericentre ( M p = � p ). The symmetry between the
uadrants are identified by the Roman numerals; these indicate which 
nitial conditions are equi v alent with a time-lag of half a period of
he external object (1/ −3, 3/ −1, 1/ −4, and 4/ −1) or after a time-
ag of an entire period of the external object (2/ −3 and 3/ −2). This
qui v alence occurs due to the commensurability of the orbital periods
ut it is not exact due the interaction between the bodies during the
ime-lag. 

.1 1/ −3 Resonance (Figs 3 –8 ) 

he resonant angles analysed were: 

0 = −3 λ − λp + 4 � ( colour bar ) (1) 

1 = −3 λ − λp + 4 � p ( red ) (2) 
MNRAS 520, 4696–4714 (2023) 
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Figure 7. Resonant maps for the 1/ −3 resonance region considering the third 
body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of restricted 
angle ( φ0 ) is represented by the colour bar and the o v erlying white symbols 
indicate the fixed point family where all resonant angles librate around a 
centre. The coloured symbols indicate libration of a single resonant angle, 
φ2 (green) and φ3 (blue). The orange and grey lines indicate, respectively, 
collision at time zero or after half a period of the external object. 
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Figure 8. Orbital evolution of the initial conditions circled in Fig. 7 . In 
(a) the initial condition is e = 0.7, e p = 0.75 ( φ3 libration). In (b) the initial 
condition is e = 0.5, e p = 0.7 ( φ2 libration). The first, second, third, and fourth 
panels sho w, respecti vely, the third body’s semimajor axis, its eccentricity, 
the difference 	� between the longitudes of pericentre, and the resonant 
angles φ0 , φ1 , φ2 , φ3 , and φ4 . 
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2 = −3 λ − λp + 3 � p + � ( green ) (3) 

3 = −3 λ − λp + � p + 3 � ( blue ) (4) 

4 = −3 λ − λp + 2 � p + 2 � ( cyan ) (5) 

In Fig. 3 , for M = 0 (a) and M = π (b), we present the results for
he ER3BP. The amplitude of the resonant angle φ0 is represented
y the colour bar, where dark purple/blue indicates the resonance
entre. The green/blue regions indicate the libration of φ2 and φ3 ,
espectiv ely. The fix ed point families where φ0 and 	� (as well as
ll the other resonant angles) librate around 0 or π are represented
y o v erlying white symbols in the darker re gion. F or M = 0 (a),
here are no fixed point families but there is libration of φ0 in all
uadrants. In Q 1 , there are two small coloured regions; the colours
f these indicate single libration of φ2 (green) and φ3 (blue). For
NRAS 520, 4696–4714 (2023) 
 = π (b), a large fixed point family appears in Q 3 . Similarly to
 1 for M = 0 (a), there are two green/blue regions in Q 3 for M =
. In Q 4 , there is another fixed family, where 	� and three of the

esonant angles librate around π , the other angles librate around 0.
hen mo ving a way from the centre of the family there is increase

f semi-amplitude of the resonant angles and 	� . The increase in
he semi-amplitude of φ2 libration is smaller than the other angles.
he fixed point family is surrounded by a φ2 single libration region,

epresented in green. In Q 4 , there are some initial conditions with
ibration of φ3 . 

The stability maps for the planetary problem when the second
lanet has Neptune’s mass are presented in Fig. 4 . In general, the
tability regions are similar to the ER3BP maps, ho we ver, in the
eptune maps there are fixed point families near e p = 0 which appear

n Q 1 and Q 3 for both values of the mean anomaly. The green/blue

art/stad336_f7.eps
art/stad336_f8.eps
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Figure 9. Resonant maps for the 3/ −1 resonance in the ER3BP: (a) M = 0; 
(b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the colour 
bar and the o v erlying white symbols indicate the fixed point family where 
all resonant angles librate around a centre. The coloured symbols indicate 
libration of a single resonant angle, φ2 (green) and φ3 (blue). The orange and 
grey lines indicate, respectively, collision at time zero or after half a period 
of the external object. 
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Figure 10. Resonant maps for the 3/ −1 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of a 
single resonant angle, φ2 (green) and φ3 (blue). The orange and grey lines 
indicate, respectively, collision at time zero or after half a period of the 
external object. 
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e gions observ ed in both panels are larger than in the ER3BP. In
ig. 5 (a) and (b), respectively, we show the orbital evolution of the

nitial conditions marked with black circles in Q 3 and Q 4 of the
ig. 4 b. For the Q 3 , a fixed point family with libration around 0 is
resented. In relation to Q 4 , we present an initial condition of the
xed point family with libration in both centres and 	� librates 
round π . 

The stability maps for the planetary problem when the second 
lanet has Saturn’s mass are presented in Fig. 6 . In Fig. 6 a ( M =
) the main difference from the case when the second planet has
eptune’s mass is that the fixed point region present in Q 1 occurs at

arger e p . The small φ 2 libration region also disappears for this value
f the mass. In Fig. 6 b ( M = π ), we see that a small stable region
or high values of e appears in Q 1 . In Q 3 , the fixed point family at
arge e observed for e p ≈ 0 in the Neptune case, is now near e p =
.25. The fixed point family and the φ2 libration region present in Q 4 

re partially destroyed which indicates that these region are likely to 
isappear for higher masses. A few initial conditions of fixed points
ppear near e p = 0, furthermore, a large blue region with libration of
3 around 0 also appears. 
The stability maps for the planetary problem when the second 

lanet has Jupiter’s mass are presented in Fig. 7 . In Q 1 for M = 0 (a),
here is a large fixed point family. Ho we ver, this family is destroyed
or certain values of eccentricity corresponding to the white region in
he centre of the fixed point family which is vertically unstable. The
lue region where libration of φ3 occurs is divided in two. In Q 3 for
 = π (b), the fixed point family and blue region are similar to the

nes described for M = 0. In addition, there are two other fixed point
amilies in this quadrant. The fixed point family with high e p present
n Q 4 for the other mass values is almost all destroyed, while the φ3 

ibration region reduces in size and the fixed point family with e p ≈
, observed in Saturn case, is displaced to slightly larger e p . In Fig. 8 ,
e show the orbital evolution of two initial conditions marked in Q 3 
MNRAS 520, 4696–4714 (2023) 
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Figure 11. Orbital evolution of the initial conditions circled in Fig. 10 . In (a), 
the initial condition is e = 0.5, e p = 0.58. In (b), the initial condition is e = 

0.76, e p = 0.16. The first, second, third, and fourth panels sho w, respecti vely, 
the third body’s semimajor axis, its eccentricity, the difference 	� between 
the longitudes of pericentre, and the resonant angles φ0 , φ1 , φ2 , φ3 , and φ4 . 

f
a  

t

2

T

φ

φ

φ

φ

Figure 12. Resonant maps for the 3/ −1 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of a 
single resonant angle, φ2 (green) and φ3 (blue). The orange and grey lines 
indicate, respectively, collision at time zero or after half a period of the 
external object. 
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or M = π , one of them is maintained by the single libration of φ3 

nd the other by the single libration of φ2 . In both of these families
here is circulation of 	� . 

.2 3/ −1 Resonance (Figs 9 –14 ) 

he resonant angles analysed were: 

0 = −λ − 3 λp + 4 � ( colour bar ) (6) 

1 = −λ − 3 λp + 4 � p ( red ) (7) 

2 = −λ − 3 λp + � p + 3 � ( green ) (8) 

3 = −λ − 3 λp + 3 � p + � ( blue ) (9) 
NRAS 520, 4696–4714 (2023) 
4 = −λ − 3 λp + 2 � p + 2 � ( cyan ) (10) 

In Fig. 9 , we present the results for the ER3BP case for M = 0
nd M = π . The top panel (a) was obtained for M = 0 which implies
0 = 0 in Q 1 , Q 4 and φ0 = π in Q 2 , Q 3 . The bottom panel (b) was
btained for M = π which implies φ0 = π in Q 1 , Q 4 and φ0 = 0
n Q 2 , Q 3 . The symmetry between the two maps is evident, for M =
 the fixed point families exist in Q 1 , Q 2 , and Q 3 , while for M =

the same fixed point families exist in Q 1 , Q 3 , and Q 4 . We have
btained three fixed point families in Q 1 for M = 0, moreover there
s a φ3 libration region in this quadrant. The fixed point family of Q 2 

or M = 0 is maintained by the libration of φ2 and φ3 around 0 and
0 , φ1 , and φ4 around π , in this quadrant there is also a φ3 libration

egion. In Q 3 , there are two fixed point families, both with libration
f all angles and of 	� around π . For M = π , the quadrant Q 1 is
imilar to Q 3 for M = 0, while Q 3 and Q 4 have the same fixed point
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Figure 13. Resonant maps for the 3/ −1 resonance region considering the 
third body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of 
restricted angle ( φ0 ) is represented by the colour bar and the o v erlying white 
symbols indicate the fixed point family where all resonant angles librate 
around a centre. The coloured symbols indicate libration of a single resonant 
angle, φ1 (red), φ2 (green) and φ3 (blue). The orange and grey lines indicate, 
respectively, collision at time zero or after half a period of the external object. 
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Figure 14. Orbital evolution of the initial condition circled in Fig. 13 . The 
initial condition is e = 0.07, e p = 0.78 and corresponds to an orbit maintained 
by the libration of φ1 . The first, second, third, and fourth panels show, 
respectively, the third body’s semimajor axis, its eccentricity, the difference 
	� between the longitudes of pericentre, and the resonant angles φ0 , φ1 , 
φ2 , φ3 , and φ4 . 
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amilies compared to Q 1 and Q 2 of the map for M = 0. The periodic
amily observed near to the x -axis in Q 1 and Q 4 in Fig. 9 b are in
greement with the fixed point family obtained from bifurcation of 
he CR3BP by Kotoulas & Voyatzis ( 2020b ). Ho we ver, the principal
xed point family and the high-eccentricity families do not appear 

n the latter work. Therefore, these new ER3BP families should not 
ccur from bifurcations of the CR3BP. 
The stability maps for the planetary problem when the second 

lanet has Neptune’s mass are presented in Fig. 10 . The principal
ifference from the maps of the ER3BP case is the separation of the
xed point family observed in Q 3 for M = 0 and Q 1 for M = π

Fig. 9 ) in tw o f amilies. Another difference is the existence of some
nitial conditions with libration of φ2 only in Q 2 for M = 0. In Fig. 11 ,
e show the orbital evolution corresponding to the initial conditions 
arked by the circles in Fig. 10 . The marked circle in Q 1 for M =
 corresponds to a fixed point family where all resonant angles and
� librate around 0 (Fig. 11 a). Fig. 11 b shows the orbital evolution
f the marked circle in Q 4 for M = π which also corresponds to a
xed point family; ho we ver, libration of the resonant angles occurs
round both centres and 	� librates around π . 

The stability maps when the second planet has Saturn’s mass are
resented in Fig. 12 . In Q 1 of Fig. 12 a ( M = 0), there are three fixed
oint families, a φ3 libration region, and a φ2 libration region. The 
2 libration region were not observed in M = 0 map for Neptune’s
ase. The fixed point family reported previously in Q 2 for M = 0 is
early destroyed with the mass increase. In Q 3 for M = 0, only the
xed point family with high e p survives the increase of mass. In Q 3 

or M = π , the fixed point families and the regions of libration of
2 and φ3 survive the increase of mass of the third body. The fixed
oint family observed in Q 4 for M = π in Neptune’s case is nearly
estroyed when the retrograde body has the mass of Saturn. 
The stability maps when the second planet has Jupiter’s mass are

resented in Fig. 13 . In general, there is destruction of the small fixed
oint families observed in the Saturn case. The principal fixed point
amily is still present in Q 1 for M = 0 and Q 3 for M = π , but for
ome values of eccentricity this family is vertically unstable. There 
s a new stable region maintained by the libration of φ1 around π ,
hich is present in Q 3 for M = 0 and Q 4 for M = π . The φ2 and φ3 

ibration re gions surviv e the increase of mass of the third body. In
 3 for M = 0, there is a fixed point family for e ≈ 0.4 and e p = 0.99.

n Fig. 14 , we show the orbital evolution corresponding to the initial
ondition marked in Q 3 for M = 0 (Fig. 13 ) which is maintained by
he single libration of φ1 around π . 

.3 1/ −4 Resonance (Figs 15 –19 ) 

he resonant angles analysed were: 

0 = −4 λ − λp + 5 � ( colour bar ) (11) 

1 = −4 λ − λp + 5 � p ( red ) (12) 

2 = −4 λ − λp + 4 � p + � ( green ) (13) 
MNRAS 520, 4696–4714 (2023) 
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Figure 15. Resonant maps for the 1/ −4 resonance in the ER3BP: (a) M = 

0; (b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the 
colour bar and the o v erlying white symbols indicate the fixed point family 
where all resonant angles librate around a centre. The coloured symbols 
indicate libration of a single resonant angle, φ3 (blue). The orange and grey 
lines indicate, respectively, collision at time zero or after half a period of the 
external object. 
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Figure 16. Resonant maps for the 1/ −4 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of 
a single resonant angle, φ3 (blue). The orange and grey lines indicate, 
respectively, collision at time zero or after half a period of the external object. 
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3 = −4 λ − λp + � p + 4 � ( blue ) (14) 

4 = −4 λ − λp + 3 � p + 2 � ( cyan ) (15) 

5 = −4 λ − λp + 2 � p + 3 � ( magenta ) (16) 

In Fig. 15 for M = 0 (a) and M = π (b), we present the stability
aps for the ER3BP. The colour bar indicates the amplitude of the

esonant angle φ0 where dark purple/blue indicates the resonance
entre. For both values of mean anomaly, we did not observe fixed
oint families in the maps. In Q 1 for M = 0 and Q 2 for M = π ,
here is a region where only the resonant angle φ3 librates around 0
hile the others angles circulate. For M = π , there is a region of φ0 

ibration in the case the prograde planet has high eccentricity ( e p >
.75). Some initial conditions have libration of φ3 around 0 in Q 2 of
ig. 15 b. 
NRAS 520, 4696–4714 (2023) 
The stability maps for the planetary problem when the second
lanet has Neptune mass are presented in Fig. 16 . As observed for
he other resonances, the main difference between the restricted and
he Neptune case is related to the appearance of fixed point families
ear e p ≈ 0. This occurs for the 1/ −4 resonance, ho we ver we also
bserve the emergence of a fixed point family with e p ≈ 0.88 and e

0.6 in the Neptune case. A φ3 libration region around 0 appears in
 2 for M = π . 
The stability maps for the planetary problem when the third

ody has Saturn mass are presented in Fig. 17 . Comparing to the
aps with Neptune mass, we can see that the fixed point families
ith e p ≈ 0 in Q 1 and Q 3 are displaced to higher values of the
rograde planet eccentricity. The two fixed point families in Q 1 

lso increase in size. For M = π , a new region of φ3 libration
ppears in Q 1 , while the other φ3 libration re gions observ ed in
oth maps ( Q 1 for M = 0 and Q 2 for M = π ) grow in size with
ncreasing mass. In Q 1 , the fixed point family with e p = 0.88
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Figure 17. Resonant maps for the 1/ −4 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of 
a single resonant angle, φ3 (blue). The orange and grey lines indicate, 
respectively, collision at time zero or after half a period of the external object. 
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Figure 18. Resonant maps for the 1/ −4 resonance region considering the 
third body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of 
restricted angle ( φ0 ) is represented by the colour bar and the o v erlying white 
symbols indicate the fixed point family where all resonant angles librate 
around a centre. The coloured symbols indicate libration of a single resonant 
angle, φ3 (blue). The orange and grey lines indicate, respectively, collision at 
time zero or after half a period of the external object. 
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lso grow in size when the retrograde planet have the mass of
aturn. 
In Fig. 18 , the stability maps when the second planet has Jupiter
ass are presented. In this case, we can observe that in Q 1 of both
aps ( M = 0 and M = π ) the most part of the fixed point regions

re destroyed due to vertical instability. For M = 0, there is no
3 libration region; for M = π , these regions are still present, one
f them at very high e p . Differently from the previous maps, there
s a periodic family near the x -axis in Q 2 for M = π . In Fig. 19 ,
e show the orbital evolution of two initial conditions marked in 
ig. 18 . Both initial conditions correspond to fixed points, the first
ne, represented in Fig. 19 a, exhibits libration of all resonant angles
nd 	� around 0; the second one, represented in Fig. 19 b, exhibits
ibration of φ0 , φ2 , and φ5 around 0 and φ1 , φ3 , φ4 , and 	� 

round π . 
.4 4/ −1 Resonance (Figs 20 –24 ) 

he resonant angles analysed were: 

0 = −λ − 4 λp + 5 � ( colour bar ) (17) 

1 = −λ − 4 λp + 5 � p ( red ) (18) 

2 = −λ − 4 λp + � p + 4 � ( green ) (19) 

3 = −λ − 4 λp + 4 � p + � ( blue ) (20) 

4 = −λ − 4 λp + 2 � p + 3 � ( cyan ) (21) 

5 = −λ − 4 λp + 3 � p + 2 � ( magenta ) (22) 

In Fig. 20 , we present the maps for the ER3BP. The top panel (a)
orresponds to M = 0 which implies φ0 = 0 in all quadrants, while
MNRAS 520, 4696–4714 (2023) 
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Figure 19. Orbital evolution of the initial conditions circled in Fig. 18 . In (a), 
the initial condition is e = 0.54, e p = 0.3. In (b), the initial condition is e = 

0.84, e p = 0.05. The first, second, third, and fourth panels sho w, respecti vely, 
the third body’s semimajor axis, its eccentricity, the difference 	� between 
the longitudes of pericentre, and the resonant angles φ0 , φ1 , φ2 , φ3 , φ4 , and 
φ5 . 
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Figure 20. Resonant maps for the 4/ −1 resonance in the ER3BP: (a) M = 

0; (b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the 
colour bar and the o v erlying white symbols indicate the fixed point family 
where all resonant angles librate around a centre. The coloured symbols 
indicate libration of a single resonant angle, φ3 (blue). The orange and grey 
lines indicate, respectively, collision at time zero or after half a period of the 
external object. 
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he bottom panel (b) corresponds to M = π implying φ0 = π in all
uadrants. As we can see on the maps, the symmetry in this resonance
ccurs across the x -axis. For M = 0 map, there are periodic families
nd φ3 libration regions in all quadrants; the periodic families of Q 2 

nd Q 4 are maintained by the libration of resonant angles φ0 , φ3 ,
nd φ4 around 0 and φ1 , φ2 , and φ5 around π . For M = π , there
re two periodic families with high e p in Q 1 and Q 3 . The principal
eriodic family observed in Q 3 in Fig. 20 a agrees with the fixed
oint family obtained by Kotoulas & Voyatzis ( 2020b ). While their
eriodic family extends from e = 0 to e = 0.6, we observe it in the
ange e = 0.22 to e ≈ 0.6. This difference could be due to the limited
esolution of our maps. The periodic family near to the x -axis at
igh e is in agreement with the bifurcation of the eccentric resonant
amily of the CR3BP reported in Kotoulas & Voyatzis ( 2020b ), but
NRAS 520, 4696–4714 (2023) 
his family could not be computed by these authors due to numerical
ifficulties. Furthermore, the periodic families in Q 1 and Q 3 for M =
(Fig. 20 b) also occur with e p ≈ 0.9 and were also not identified in

otoulas & Voyatzis ( 2020b ). 
The stability maps for the planetary problem when the second

lanet has Neptune mass are presented in Fig. 21 . For M = 0, a
eriodic family with e p ≈ 0 appears in Q 1 . Both in Q 1 and Q 3 there
s a periodic family for high values of e and e p . The φ3 libration
egion of Q 3 vanishes with the increase of mass. For M = π , the
xed point families are similar to the ones observed in the ER3BP
ap. 
The stability maps when the retrograde body has Saturn mass

re presented in Fig. 22 . For M = 0, the periodic families with e p 
0, observed in the Neptune case, disappear. The periodic families

resent in the case of Neptune mass almost disappear in Q 2 and vanish
n Q 4 . The φ3 libration region no longer exists in Q 3 , although in Q 4 

 new region of φ4 libration around 0 appears. The principal periodic
amilies in Q 1 and Q 3 decrease in size, while the periodic families
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Figure 21. Resonant maps for the 4/ −1 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of 
a single resonant angle, φ3 (blue). The orange and grey lines indicate, 
respectively, collision at time zero or after half a period of the external object. 
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Figure 22. Resonant maps for the 4/ −1 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration of a 
single resonant angle, φ3 (blue) and φ4 (cyan). The orange and grey lines 
indicate, respectively, collision at time zero or after half a period of the 
external object. 
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ith high e and e p increase a little. For M = π , the periodic families
ecreased considerably in size with the increase of mass. In Fig. 23 ,
e show the orbital evolution corresponding to the initial condition 
arked in Q 4 of Fig. 22 a; this initial condition is maintained by the

ingle libration of φ4 around 0. 
In Fig. 24 , the stability maps considering the second planet 

ith Jupiter mass are presented. For M = 0, we can see that a
arge region within periodic family is destroyed when both planets 
ave the same mass. This instability occurs because these initial 
onditions are vertically unstable, causing one of the planes to 
ollide with the star. The φ3 libration region reappears in Q 3 and 
urvives the increase of mass in Q 4 . In Q 4 , there is a stable region
aintained by the libration of φ1 around π . Similar to the maps 

or other second planet masses, there are very few families on 
ap for M = π ; for the Jupiter case, a φ1 libration region appears

n Q 3 . 
.5 2/ −3 Resonance (Figs 25 –29 ) 

he resonant angles analysed were: 

0 = −3 λ − 2 λp + 5 � ( colour bar ) (23) 

1 = −3 λ − 2 λp + 5 � p ( red ) (24) 

2 = −3 λ − 2 λp + 3 � p + 2 � ( green ) (25) 

3 = −3 λ − 2 λp + 2 � p + 3 � ( blue ) (26) 

4 = −3 λ − 2 λp + 4 � p + 1 � ( cyan ) (27) 

5 = −3 λ − 2 λp + 1 � p + 4 � ( magenta ) (28) 

The stability maps when we consider a third body with no mass
re presented in Fig. 25 . The top panel (a) corresponds to M =
MNRAS 520, 4696–4714 (2023) 
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Figure 23. Orbital evolution of the initial condition circled in Fig. 22 . The 
initial condition is e = 0.39, e p = 0.25 and corresponds to an orbit maintained 
by the libration of φ4 . The first, second, third, and fourth panels show, 
respectively, the third body’s semimajor axis, its eccentricity, the difference 
	� between the longitudes of pericentre, and the resonant angles φ0 , φ1 , 
φ2 , φ3 , φ4 , and φ5 . 
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Figure 24. Resonant maps for the 4/ −1 resonance region considering the 
third body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of 
restricted angle ( φ0 ) is represented by the colour bar and the o v erlying white 
symbols indicate the fixed point family where all resonant angles librate 
around a centre. The coloured symbols indicate libration of a single resonant 
angle, φ1 (red) and φ3 (blue). The orange and grey lines indicate, respectively, 
collision at time zero or after half a period of the external object. 
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 which implies φ0 = 0 in all quadrants, while the bottom panel
b) corresponds to M = π implying φ0 = π in all quadrants. The
eriodic families are present only for M = 0, the periodic family in
 4 is maintained by the libration of φ0 , φ3 , and φ4 around 0 and
1 , φ2 , and φ5 around π . The other periodic families are maintained
y the libration of all resonant angles and 	� around 0. For M =
, there are some regions for low e p values which are stable due

he libration of φ0 around π . The two fixed point families in Q 3 

f Fig. 25 a are relatively in agreement with the results obtained in
otoulas & Voyatzis ( 2020a ) for the ER3BP when the second planet
as Neptune’s mass. Our Q 4 family is slightly different compared
o Kotoulas & Voyatzis ( 2020a ) as in this work the family appears
n Q 2 . These two quadrants correspond to approximately equi v alent
nitial conditions but the Q 2 family did not survive in our numerical
ntegrations. This difference is due to the different masses used for
he prograde planet. For comparison purposes, we performed the
ntegrations using a prograde planet with the mass of Neptune instead
f the mass of Jupiter and we obtained results very similar to those
eported in Kotoulas & Voyatzis ( 2020a ), the only difference is that
e observe fixed point regions with e p > 0.6 and e ≈ 0.45 in Q 2 and
 p > 0.75 and e ≈ 0.65 in Q 4 , both for M = 0. In Fig. 26 , we show
he orbital evolution corresponding to the initial condition marked in
 4 of Fig. 25 a. 
The stability maps for the planetary problem when the second

lanet has Neptune mass are presented in Fig. 27 . For M = 0, a fixed
oint family with e p ≈ 0 and very high values of retrograde planet
ccentricity appears, this family is maintained by the libration of all
esonant angles and 	� around 0. With the increase of mass of the
etrograde body the periodic family in Q 4 disappears. For M = π ,
he regions maintained by φ0 libration decrease and some fixed point
nitial conditions with e p ≈ 0 appear, in these fixed points there is
ibration of all resonant angles around π and 	� around 0. 

The stability maps for the planetary problem when the second
lanet has Saturn mass are presented in Fig. 28 . The regions main-
ained by φ0 librations continue to decrease as the mass increases.
NRAS 520, 4696–4714 (2023) 
or both maps, the periodic families with e p ≈ 0 are shifted to larger
 p or are destroyed. 

The stability maps for the case where both planets have the mass
f Jupiter are presented in Fig. 29 . For M = 0, there are only two
eriodic families with high e p values, these are present in Q 1 and Q 3 .
he same occurs for M = π ; ho we ver, these initial conditions are
aintained by the resonant angles librations for lower values of e

nd e p . Remembering that collision lines are approximations derived
rom the 2-body problem, hence due to the high perturbation in this
esonance case, these lines are o v erlapping some of the fixed point
amilies. 

.6 3/ −2 Resonance (Figs 30 –34 ) 

he resonant angles analysed were: 

0 = −2 λ − 3 λp + 5 � ( colour bar ) (29) 
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Figure 25. Resonant maps for the 2/ −3 resonance in the ER3BP: (a) M = 

0; (b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the 
colour bar and the o v erlying white symbols indicate the fixed point family 
where all resonant angles librate around a centre. The orange and grey lines 
indicate, respectively, collision at time zero or after a period of the external 
object. 
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1 = −2 λ − 3 λp + 5 � p ( red ) (30) 

2 = −2 λ − 3 λp + 2 � p + 3 � ( green ) (31) 

3 = −2 λ − 3 λp + 3 � p + 2 � ( blue ) (32) 

4 = −2 λ − 3 λp + � p + 4 � ( cyan ) (33) 

5 = −2 λ − 3 λp + 4 � p + � ( magenta ) (34) 

In Fig. 30 , we present the maps for the ER3BP. The top and bottom
anels, represented by a and b, were obtained, respectively, for M =
 and M = π , which implies φ0 = 0 in Q 1 , Q 4 and φ0 = π in Q 2 ,
 3 in both maps. The symmetry for this resonance occurs between 

qui v alent quadrants for M = 0 and M = π . There are periodic
amilies in Q 1 and Q 4 for both asteroid mean anomaly values, the
 4 family is maintained by the libration of φ0 , φ2 , and φ5 around
 and φ1 , φ3 , φ4 , and 	� around π . For M = 0, there are some
nitial conditions maintained by the single libration of φ1 around 0. 
he principal periodic family observed in Q 1 in both maps of Fig. 30

s partially in agreement with the fixed point family obtained by
otoulas & Voyatzis ( 2020b ), again the difference occurs in relation

o the range of eccentricity which extends to e = 0 in the latter
ork. Again, this difference is probably explained by the limited 

esolution of our maps. The small periodic family with e = 0.96
nd e p = 0.03 observed in Q 4 also agrees with the results presented
n Kotoulas & Voyatzis ( 2020b ). In Fig. 31 , we show the orbital
ariation corresponding to the initial condition marked in Q 4 of 
ig. 30 . 
The stability maps for the planetary problem when the second 

lanet has Neptune mass are presented in Fig. 32 . For M = 0, there are
ew periodic families with low values of prograde planet eccentricity 
n Q 1 and Q 3 . The φ1 libration region is still present. For M = π , a
eriodic family with lo w v alues of e p also appears in Q 3 . The periodic
amily with e = 0.96 present in Q 4 of ER3BP map vanishes with the
ncrease in retrograde body mass. 

The stability maps for the planetary problem when the second 
lanet has Saturn mass are presented in Fig. 33 . In general, for both
alues of mean anomaly, the family of Q 3 disappears. For M = 0, the
eriodic family with lo w v alues of e p observed in Q 1 in the Neptune
ase mostly disappeared, there is only an initial condition with semi-
mplitude of resonant angles < 45 ◦. The φ1 libration region does not
xist for this case. 

In Fig. 34 , the stability maps considering the retrograde planet with
upiter mass are presented. In both maps, there is a periodic family
n Q 3 , maintained by libration of all resonant angles and 	� around
. When both planets have the mass of Jupiter, the two principal

amilies observed in Q 1 exist for lower values of the prograde planet
ccentricity. 

.  C O N C L U S I O N  

n this article, we showed that there are stable configurations for
he fourth- and fifth-order retrograde resonances when we consider 
MNRAS 520, 4696–4714 (2023) 
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Figure 27. Resonant maps for the 2/ −3 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The orange and grey lines indicate, respectively, 
collision at time zero or after a period of the external object. 
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Figure 28. Resonant maps for the 2/ −3 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The orange and grey lines indicate, respectively, 
collision at time zero or after a period of the external object. 
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 system composed by a solar mass star, a Jupiter mass planet with
rograde motion, and a retrograde planet with either zero mass
ER3BP), or non-zero mass equal to Neptune, Saturn, or Jupiter.
s we increase the mass of the retrograde planet, we observe an
 xpressiv e change in the resonant phase space. 

In general, when we increase the mass of the second planet to
he mass of Neptune some additional fixed point families close to
he x -axis ( e p ≈ 0) appear. As we continue to increase the mass
f the retrograde planet, these families mo v e a way from the x -axis
nd the fixed point region become less predominant in the phase
pace, that is, when both planets have the mass of Jupiter, there
re fewer initial conditions for families of fixed points than for other
asses. This happens for all retrograde resonances of fourth and fifth

rder. Except for the 2/ −3 and 3/ −2 resonances, we observe that a
onsiderable region of the main fixed point family becomes vertically
nstable when both planets have the same mass. This instability is
ot caused by close encounters but rather by the increase/decrease of
NRAS 520, 4696–4714 (2023) 
he inclination of the prograde/retrograde body until one of the two
ollides with the star. 

We observe some differences between our numerical results and
he periodic families reported in Kotoulas & Voyatzis ( 2020a , b ). In
he case of the 3/ −1 resonance, we observe a new fixed point family
nd a family at high eccentricity e p . For the 4/ −1 resonance, we also
btain families at high e p and we reco v er a fix ed point family close to
he x -axis at high e which is in agreement with the bifurcation from
he resonant eccentric family of the CR3BP reported in Kotoulas &
oyatzis ( 2020b ) but that could not be computed by these authors due

o numerical difficulties. For the 4/ −1 and 3/ −2 resonances, the fixed
oint families which occur due to bifurcation of the circular family
f the CR3BP, and are reported in Kotoulas & Voyatzis ( 2020b ),
o not extend to e = 0 and e p = 0 in our work. This is likely due
o the different methods used. While Kotoulas & Voyatzis ( 2020b )
ompute the periodic families using the method of continuation from
he CR3BP, we obtain information about these families by computing
tability maps where we observe the quasi-periodic regions around
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Figure 29. Resonant maps for the 2/ −3 resonance region considering the 
third body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of 
restricted angle ( φ0 ) is represented by the colour bar and the o v erlying white 
symbols indicate the fixed point family where all resonant angles librate 
around a centre. The orange and grey lines indicate, respectively, collision at 
time zero or after a period of the external object. 
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Figure 30. Resonant maps for the 3/ −2 resonance in the ER3BP: (a) M = 0; 
(b) M = π . The amplitude of restricted angle ( φ0 ) is represented by the colour 
bar and the o v erlying white symbols indicate the fixed point family where 
all resonant angles librate around a centre. The coloured symbols indicate 
libration of a single resonant angle, φ1 (red). The orange and grey lines 
indicate, respectively, collision at time zero or after a period of the external 
object. 
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he stable periodic families. When these quasi-periodic regions are 
mall, our map resolution may not be enough to identify the families.
o we ver, the information about the extent of the quasi-periodic 

egions is important and therefore our work is complementary to 
he work in Kotoulas & Voyatzis ( 2020b ). Furthermore, for the
/ −3 resonance, we observe an expected disagreement due to the 
ifference of the prograde planet mass used in this article and in
otoulas & Voyatzis ( 2020a ). With additional simulations using 

he mass of Neptune for the prograde planet, we obtain, except for
amilies at high e p , results in agreement with Kotoulas & Voyatzis
 2020a ). 
As proposed by Gayon & Bois ( 2008 ) and Gayon-Markt &
ois ( 2009 ), resonant exoplanetary systems with counter revolv- 

ng motion may exist. In some cases, the fitting of radial-
 elocity curv es considering such retrograde configurations is 
etter than for prograde configurations. Our results indicate 
hich stable retrograde configurations are possible in a sys- 

em with planets in a fourth- or fifth-order resonance. There- 
ore, our work may be used as a guide for searching such
ystems. 
MNRAS 520, 4696–4714 (2023) 
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Figure 31. Orbital evolution of the initial condition circled in Fig. 30 . The 
initial condition is e = 0.96, e p = 0.03 and corresponds to a fixed point family 
maintained by the libration of all resonant angles and 	� . The first, second, 
third, and fourth panels sho w, respecti vely, the third body’s semimajor axis, 
its eccentricity, the difference 	� between the longitudes of pericentre, and 
the resonant angles φ0 , φ1 , φ2 , φ3 , φ4 , and φ5 . 
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Figure 32. Resonant maps for the 3/ −2 resonance in the planetary problem 

when the second planet has Neptune’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The coloured symbols indicate libration 
of a single resonant angle, φ1 (red). The orange and grey lines indicate, 
respectively, collision at time zero or after a period of the external object. 
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Figure 33. Resonant maps for the 3/ −2 resonance in the planetary problem 

when the second planet has Saturn’s mass: (a) M = 0; (b) M = π . The 
amplitude of restricted angle ( φ0 ) is represented by the colour bar and the 
o v erlying white symbols indicate the fixed point family where all resonant 
angles librate around a centre. The orange and grey lines indicate, respectively, 
collision at time zero or after a period of the external object. 

Figure 34. Resonant maps for the 3/ −2 resonance region considering the 
third body with Jupiter’s mass: (a) M = 0; (b) M = π . The amplitude of 
restricted angle ( φ0 ) is represented by the colour bar and the o v erlying white 
symbols indicate the fixed point family where all resonant angles librate 
around a centre. The orange and grey lines indicate, respectively, collision at 
time zero or after a period of the external object. 
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