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ABSTRACT

We present a numerical study on the stability of all fourth- and fifth-order retrograde mean motion resonances (1/3, 3/1, 1/4,
4/1, 2/3, and 3/2) in the 3-body problem composed of a solar mass star, a Jupiter mass planet, and an additional body with
zero mass (elliptic restricted problem) or masses corresponding to either Neptune, Saturn, or Jupiter (planetary problem). The
fixed point families exist in all cases and are identified through libration of all resonant angles simultaneously. In addition,
configurations with libration of a single resonant angle were also observed. Our results for the elliptic restricted 3-body problem
are in agreement with previous studies of retrograde periodic orbits, but we also observe new families not previously reported.
Our results regarding stable resonant retrograde configurations in the planetary 3-body problem could be applicable to extra-Solar

systems.

Key words: methods: numerical — planetary systems — planets and satellites: dynamical evolution and stability.

1. INTRODUCTION

In the last decade, several numerical and analytical studies in the
framework of the circular restricted 3-body problem (CR3BP) pro-
vide a solid base regarding the knowledge of the resonant dynamics
of asteroids with high-inclination orbits, in particular the case of
retrograde configurations (inclination close to 180 degrees with
respect to the ecliptic) (Morais & Namouni 2013a, 2016; Namouni &
Morais 2015). These studies led to the identification of Centaurs in
retrograde resonances with Jupiter and Saturn (Morais & Namouni
2013b), and (514107) Ka‘epaoka‘awela in the co-orbital resonance
with Jupiter (Morais & Namouni 2017; Wiegert, Connors & Veillet
2017; Namouni & Morais 2018). Recently, families of periodic orbits
related to retrograde resonances in the circular and elliptic restricted
3-body problems (ER3BP) were computed by Kotoulas & Voyatzis
(2020a, b) and Kotoulas, Morais & Voyatzis (2022).

The simulations by Malmberg, Davies & Heggie (2011) showed
that close encounters between stars can lead to planet exchange and
thus may generate planetary systems with high relative inclinations.
The possibility of counter-revolving configurations in extra-Solar
systems (relative inclination between the planets near 180 degrees)
was investigated by Gayon & Bois (2008) and Gayon-Markt & Bois
(2009). These authors showed that fitting radial-velocity curves for
retrograde instead of prograde configurations could, in some cases,
lead to smaller residuals. Therefore, it is possible that some of the
known extra-Solar systems have counter-revolving planets.

In Carita, Signor & Morais (2022), we studied the stability of
planetary systems in the 1/1, 1/2, and 2/1 retrograde resonances.
These systems were composed by a solar mass star, a prograde
planet with the mass of Jupiter, and a retrograde planet with zero
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mass (ER3BP) or masses corresponding to Neptune, Saturn, or
Jupiter [planetary 3-body problem (3BP)]. In the current article,
we extend this study to the retrograde resonances 1/3, 3/1, 1/4,
4/1, 2/3, and 3/2. In Section 2, we describe our numerical methods
and present results for the retrograde resonances 1/3, 3/1, 1/4, 4/1,
2/3, and 3/2 in the elliptic restricted and planetary cases (ER3BP
and 3BP). In Section 3, we discuss our results and present the
conclusions.

2. NUMERICAL STUDY OF FOURTH AND
FIFTH RETROGRADE MEAN MOTION
RESONANCES

The system considered in the simulations is composed of a solar
mass star and two bodies orbiting the star in opposite directions,
the prograde one in counter-clock wise motion and the retrograde
one in clockwise motion. We use a notation p/—q to represent a
retrograde resonance with mean motion ratio p/q. The astrocentric
orbital elements are: a (semimajor axis), e (eccentricity), / (orbital
inclination), w (argument of pericentre), 2 (longitude of the ascend-
ing node), M (mean anomaly), 7 (orbital period), = (longitude of
pericentre), and A (mean longitude). Variables without subscript refer
to the retrograde body, while variables with subscript ‘p’ refer to the
prograde body. The prograde body has unitary semimajor axis (a, =
1.0) and a mass of 0.001 Mg, thus it always interacts gravitationally
with other bodies. The semimajor axis of the retrograde body is fixed
at the nominal resonance location a = (¢/p)*3. The retrograde body
has zero mass in the ER3BP, and in the planetary 3BP it has mass
equal to either Neptune (0.000 054 19 Mg,), Saturn (0.000 2857 M),
or Jupiter (0.001 Mg). Recalling that a retrograde p/—¢ mean motion
resonance has order p + g (Morais & Namouni 2013a), we investigate
the stable configuration of planar systems in all fourth- and fifth-order
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Figure 1. Configurations for the internal resonances displayed in four quadrants illustrating the orientations of the pericentres and apocentres at initial mean
anomalies M = 0 and M = 7. The Roman numerals indicate pairing of the initial configurations which, due to the commensurability between the orbital periods,
are equivalent with a time-lag of half a period of the external object (4/—1 and 3/—1). For 3/—2 the configurations they are equivalent with a time-lag of an

entire period.
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Figure 2. Configurations for the external resonances displayed in four quadrants illustrating the orientations of the pericentres and apocentres at initial mean
anomalies M = 0 and M = 7. The Roman numerals indicate pairing of the initial configurations which, due to the commensurability between the orbital periods,
are equivalent with a time-lag of half a period of the external object (1/—4 and 1/—3). For 2/—3 the configurations are equivalent with a time-lag of an entire

period.
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Figure 3. Resonant maps for the 1/—3 resonance in the ER3BP: (a) M = 0;
(b) M = m. The amplitude of restricted angle (¢g) is represented by the colour
bar and the overlying white symbols indicate the fixed point family where
all resonant angles librate around a centre. The coloured symbols indicate
libration of a single resonant angle, ¢, (green) and ¢3 (blue). The orange and
grey lines indicate, respectively, collision at time zero or after half a period
of the external object.

retrograde mean motion resonances (1/—3, 3/—1, 1/—4, 4/—1, 2/-3,
and 3/-2).

The numerical integrations were performed using REBOUND
with the adaptive step integrator Bulirsch—Stoer (Rein & Liu 2012).
The integration was stopped when the distance to the star was large
than 10 a,, (escape) or when the distance between the two bodies was
smaller than the sum of their radii (collision).

Assuming a counter-clockwise reference frame, the longitudes
are defined in the orbital plane for the prograde planet (counter-
clockwise motion) and are measured in the direction of the object’s
orbital motion, so A, = @, + M, where @, = w, + ;. For the
retrograde planet (clockwise motion) the longitudes are measured
against the direction of the object’s orbital motion, hence A = @
— M where @ = Q — w. This is also the convention used within
REBOUND.

The resonant maps indicate in which regions the libration of the
resonant angle of the CR3BP occurs; for a p/—¢ mean motion
resonance this resonant angle is ¢9 = —gA — pA, + (p + @)@
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Figure 4. Resonant maps for the 1/—3 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = . The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of a
single resonant angle, ¢, (green) and ¢3 (blue). The orange and grey lines
indicate, respectively, collision at time zero or after half a period of the
external object.

(Morais & Namouni 2013a). The regions with libration of both ¢
and Aw = @ — @, indicate a fixed point family of the resonant
problem, these are identified by a white symbol. The colour bar of
the resonant maps indicates the semi-amplitude libration of ¢ (its
maximum variation around the resonant centre value). To facilitate
interpretation of the figures, we relate a colour to each resonant
argument different from ¢,. Regions of libration of one of these
angles were represented by symbols in their respective colours. These
colours are also used in the figures with the evolution of the orbital
elements. We identify the two type of families that may occur in the
resonant maps when both ¢y and Az, or one of the others resonant
arguments librate (around either 0 or ), with semi-amplitude less
than /4.

In our numerical simulations the planets are in a quasi-coplanar
configuration, with initial inclination of the retrograde planet / =
179.99°. If we considered the strictly two-dimensional case, we
would also observe vertical unstable families but these should not
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Figure 5. Orbital evolution of the initial conditions circled in Fig. 4. In (a)
the initial condition is e = 0.5, ¢, = 0.7. In (b) the initial condition is ¢ =
0.25, e, = 0.95. The first, second, third, and fourth panels show, respectively,
the third body’s semimajor axis, its eccentricity, the difference Az between
the longitudes of pericentre, and the resonant angles ¢, ¢1, ¢2, ¢3, and ¢4.

occur in realistic systems. We set the longitude of the nodes to be
zero (2 = Q, =0)

The results of the numerical integrations were arranged in resonant
maps computed in a grid of eccentricity of the retrograde body versus
eccentricity of the prograde planet. Using 6400 initial conditions of
(e, ep), we construct a grid of 80x80 initial eccentricities in the
range (0,1). For each initial condition, the system was integrated
for 2 x 10° T,. To represent all possible configurations, we present
our results in maps with four quadrants with a total of 25600
initial conditions, these quadrants correspond to the permutations
of aligned/anti-aligned pericentres/apocentres. In O, w, = @ =
0;in Oy, wp =0and @ =m;in O3, w, = @ = 7; and in Qy,
@, =m,and @ = 0. In Figs 1 and 2, we present, respectively, the
initial configuration for the inner and outer resonances. The initial
mean anomaly of the prograde planet has the same value as the
longitude of the pericentre (M, = @ ). The symmetry between the

Retrograde resonances in planetary systems 4699
s SATURN
140
. po=n $o=0 =
‘ 1209
0.50 %‘
1005
__ 025 E
B 80 §
T 000 | @
& 60 o
-0.25 | b
=]
40 w
~0.50 | E
20 EL
=075 go=n $o=0 ©
0
-1.00
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0,50 0.75 1.00
ecos(w)
(a)
- SATURN
. 140
0.75 b7l e~ =
¢ 1208
0.50 g
1005
__ 025 ‘;::'
5} 80 S
T 000 [y ¢
& 60 2
-0.25 2
[s]
It 40 g
-0.50 3
20 2
—0.75 | E
-1.00

. i .
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
ecos(w)

(b)

Figure 6. Resonant maps for the 1/—3 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = m. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of a
single resonant angle, ¢ (green) and ¢3 (blue). The orange and grey lines
indicate, respectively, collision at time zero or after half a period of the
external object.

quadrants are identified by the Roman numerals; these indicate which
initial conditions are equivalent with a time-lag of half a period of
the external object (1/—3, 3/—1, 1/—4, and 4/—1) or after a time-
lag of an entire period of the external object (2/—3 and 3/—2). This
equivalence occurs due to the commensurability of the orbital periods
but it is not exact due the interaction between the bodies during the
time-lag.

2.1 1/-3 Resonance (Figs 3-8)

The resonant angles analysed were:
¢o = —3A — Ap + 4w (colour bar) (D

¢1 = =31 — Ay + 4w, (red) 2
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Figure 7. Resonant maps for the 1/—3 resonance region considering the third
body with Jupiter’s mass: (a) M = 0; (b) M = . The amplitude of restricted
angle (¢o) is represented by the colour bar and the overlying white symbols
indicate the fixed point family where all resonant angles librate around a
centre. The coloured symbols indicate libration of a single resonant angle,
¢> (green) and ¢3 (blue). The orange and grey lines indicate, respectively,
collision at time zero or after half a period of the external object.

¢y = =31 — A, + 3w, + @ (green) 3)
¢3 = =31 — A, + @, + 3w (blue) 4)
¢4 = =31 — Ay + 2w, + 2w (cyan) (5)

In Fig. 3, for M = 0 (a) and M = 7 (b), we present the results for
the ER3BP. The amplitude of the resonant angle ¢ is represented
by the colour bar, where dark purple/blue indicates the resonance
centre. The green/blue regions indicate the libration of ¢, and ¢3,
respectively. The fixed point families where ¢y and Az (as well as
all the other resonant angles) librate around O or 7 are represented
by overlying white symbols in the darker region. For M = 0 (a),
there are no fixed point families but there is libration of ¢, in all
quadrants. In Qy, there are two small coloured regions; the colours
of these indicate single libration of ¢, (green) and ¢3 (blue). For

MNRAS 520, 4696-4714 (2023)

A. C. Signor, G. A. Caritda and M. H. M. Morais

(red) a,, (black)
24 F T T
2.2
I
S 16
1.4
12
1
0.8 - - -
e (red) ; e, (black)
0.8
0.7
0.6
05|
v 04
0.3
02
0.1
0

360
300 |
240 -
8 180 |
< 120
60 -
0

[ (black ¢4 (red) ; 9, (green) ; 95 (blue) ; ¢4 (cyan)

0 10000 20000 30000 40000 50000
Time (years)

(@)

a(red) ; a, (black)

e (red) ; e, (black)
1 - T T

AV

360
300 | 1
240 | 1
8 el 1
< 120}
60 |
0 _4

[0 (black [ (red ¢ (green) ; o5 (blue) ; ¢4 (cyan)

0 10000 20000 30000 40000 50000
Time (years)

(b)

Figure 8. Orbital evolution of the initial conditions circled in Fig. 7. In
(a) the initial condition is e = 0.7, e = 0.75 (¢3 libration). In (b) the initial
conditionis e = 0.5, ep = 0.7 (¢ libration). The first, second, third, and fourth
panels show, respectively, the third body’s semimajor axis, its eccentricity,
the difference Az between the longitudes of pericentre, and the resonant
angles ¢o, ¢1, 2, ¢3, and 4.

M = 7 (b), a large fixed point family appears in Q3. Similarly to
Q, for M = 0 (a), there are two green/blue regions in Q3 for M =
7. In Qy, there is another fixed family, where Az and three of the
resonant angles librate around s, the other angles librate around 0.
When moving away from the centre of the family there is increase
of semi-amplitude of the resonant angles and Az . The increase in
the semi-amplitude of ¢, libration is smaller than the other angles.
The fixed point family is surrounded by a ¢, single libration region,
represented in green. In Qu, there are some initial conditions with
libration of ¢5.

The stability maps for the planetary problem when the second
planet has Neptune’s mass are presented in Fig. 4. In general, the
stability regions are similar to the ER3BP maps, however, in the
Neptune maps there are fixed point families near e, = 0 which appear
in Q) and Q3 for both values of the mean anomaly. The green/blue
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Figure 9. Resonant maps for the 3/—1 resonance in the ER3BP: (a) M = 0;
(b) M = . The amplitude of restricted angle (¢) is represented by the colour
bar and the overlying white symbols indicate the fixed point family where
all resonant angles librate around a centre. The coloured symbols indicate
libration of a single resonant angle, ¢ (green) and ¢3 (blue). The orange and
grey lines indicate, respectively, collision at time zero or after half a period
of the external object.

regions observed in both panels are larger than in the ER3BP. In
Fig. 5(a) and (b), respectively, we show the orbital evolution of the
initial conditions marked with black circles in Q3 and Q, of the
Fig. 4b. For the Q3, a fixed point family with libration around 0 is
presented. In relation to Q4, we present an initial condition of the
fixed point family with libration in both centres and Az librates
around 7.

The stability maps for the planetary problem when the second
planet has Saturn’s mass are presented in Fig. 6. In Fig. 6a (M =
0) the main difference from the case when the second planet has
Neptune’s mass is that the fixed point region present in Q; occurs at
larger e,. The small ¢ , libration region also disappears for this value
of the mass. In Fig. 6b (M = ), we see that a small stable region
for high values of e appears in Q. In O3, the fixed point family at
large e observed for e, ~ 0 in the Neptune case, is now near e, =
0.25. The fixed point family and the ¢, libration region present in Q4
are partially destroyed which indicates that these region are likely to
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Figure 10. Resonant maps for the 3/—1 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = . The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of a
single resonant angle, ¢> (green) and ¢3 (blue). The orange and grey lines
indicate, respectively, collision at time zero or after half a period of the
external object.

disappear for higher masses. A few initial conditions of fixed points
appear near e, = 0, furthermore, a large blue region with libration of
¢3 around 0 also appears.

The stability maps for the planetary problem when the second
planet has Jupiter’s mass are presented in Fig. 7. In Q; for M =0 (a),
there is a large fixed point family. However, this family is destroyed
for certain values of eccentricity corresponding to the white region in
the centre of the fixed point family which is vertically unstable. The
blue region where libration of ¢35 occurs is divided in two. In Q3 for
M = m (b), the fixed point family and blue region are similar to the
ones described for M = 0. In addition, there are two other fixed point
families in this quadrant. The fixed point family with high e, present
in Q4 for the other mass values is almost all destroyed, while the ¢5
libration region reduces in size and the fixed point family with e, ~
0, observed in Saturn case, is displaced to slightly larger e,. In Fig. 8,
we show the orbital evolution of two initial conditions marked in Q3
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Figure 11. Orbital evolution of the initial conditions circled in Fig. 10. In (a),
the initial condition is e = 0.5, ¢, = 0.58. In (b), the initial condition is e =
0.76, e, = 0.16. The first, second, third, and fourth panels show, respectively,
the third body’s semimajor axis, its eccentricity, the difference Aw between
the longitudes of pericentre, and the resonant angles ¢, ¢1, ¢2, ¢3, and P4.

for M = m, one of them is maintained by the single libration of ¢3
and the other by the single libration of ¢». In both of these families
there is circulation of Aw .

2.2 3/—1 Resonance (Figs 9-14)

The resonant angles analysed were:

$o = —h — 3k, + 4w (colour bar) (6)
¢1 = —A — 3%, + 4w, (red) 7
¢ = —h — 3k, + @, + 3w (green) (8)
¢3 = —A — 3%, + 3w, + @ (blue) ©)
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Figure 12. Resonant maps for the 3/—1 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = m. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of a
single resonant angle, ¢, (green) and ¢3 (blue). The orange and grey lines
indicate, respectively, collision at time zero or after half a period of the
external object.

¢y = —A — 3, + 2w, + 2 (cyan) (10)

In Fig. 9, we present the results for the ER3BP case for M = 0
and M = &. The top panel (a) was obtained for M = 0 which implies
¢o =01in O, Q4 and ¢y = 7 in Oy, Q3. The bottom panel (b) was
obtained for M = 7 which implies ¢y = 7 in Oy, Q4 and ¢y = 0
in 0, Q3. The symmetry between the two maps is evident, for M =
0 the fixed point families exist in Q;, Q,, and Q3, while for M =
7 the same fixed point families exist in Q;, Oz, and Q4. We have
obtained three fixed point families in Q; for M = 0, moreover there
is a ¢3 libration region in this quadrant. The fixed point family of O,
for M = 0 is maintained by the libration of ¢, and ¢3 around 0 and
o, ¢1, and ¢4 around 7, in this quadrant there is also a ¢3 libration
region. In Qs, there are two fixed point families, both with libration
of all angles and of Aw around . For M = m, the quadrant Q; is
similar to Q3 for M = 0, while O3 and Q4 have the same fixed point
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Figure 13. Resonant maps for the 3/—1 resonance region considering the
third body with Jupiter’s mass: (a) M = 0; (b) M = 7. The amplitude of
restricted angle (¢o) is represented by the colour bar and the overlying white
symbols indicate the fixed point family where all resonant angles librate
around a centre. The coloured symbols indicate libration of a single resonant
angle, ¢ (red), ¢2 (green) and ¢3 (blue). The orange and grey lines indicate,
respectively, collision at time zero or after half a period of the external object.

families compared to Q; and Q, of the map for M = 0. The periodic
family observed near to the x-axis in Q; and Q4 in Fig. 9b are in
agreement with the fixed point family obtained from bifurcation of
the CR3BP by Kotoulas & Voyatzis (2020b). However, the principal
fixed point family and the high-eccentricity families do not appear
in the latter work. Therefore, these new ER3BP families should not
occur from bifurcations of the CR3BP.

The stability maps for the planetary problem when the second
planet has Neptune’s mass are presented in Fig. 10. The principal
difference from the maps of the ER3BP case is the separation of the
fixed point family observed in Q3 for M = 0 and Q, for M =«
(Fig. 9) in two families. Another difference is the existence of some
initial conditions with libration of ¢, only in Q, for M = 0. In Fig. 11,
we show the orbital evolution corresponding to the initial conditions
marked by the circles in Fig. 10. The marked circle in Q; for M =
0 corresponds to a fixed point family where all resonant angles and
Aw librate around O (Fig. 11a). Fig. 11b shows the orbital evolution
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Figure 14. Orbital evolution of the initial condition circled in Fig. 13. The
initial condition is e = 0.07, e, = 0.78 and corresponds to an orbit maintained
by the libration of ¢;. The first, second, third, and fourth panels show,
respectively, the third body’s semimajor axis, its eccentricity, the difference
Aw between the longitudes of pericentre, and the resonant angles ¢o, ¢,

¢2, ¢3, and ¢4.

of the marked circle in Q4 for M = & which also corresponds to a
fixed point family; however, libration of the resonant angles occurs
around both centres and Az librates around 7.

The stability maps when the second planet has Saturn’s mass are
presented in Fig. 12. In Q) of Fig. 12a (M = 0), there are three fixed
point families, a ¢5 libration region, and a ¢, libration region. The
¢, libration region were not observed in M = 0 map for Neptune’s
case. The fixed point family reported previously in Q, for M = 0 is
nearly destroyed with the mass increase. In Q3 for M = 0, only the
fixed point family with high ej, survives the increase of mass. In Q3
for M = m, the fixed point families and the regions of libration of
¢, and ¢3 survive the increase of mass of the third body. The fixed
point family observed in Q4 for M = 7 in Neptune’s case is nearly
destroyed when the retrograde body has the mass of Saturn.

The stability maps when the second planet has Jupiter’s mass are
presented in Fig. 13. In general, there is destruction of the small fixed
point families observed in the Saturn case. The principal fixed point
family is still present in Q; for M = 0 and Q3 for M = m, but for
some values of eccentricity this family is vertically unstable. There
is a new stable region maintained by the libration of ¢, around s,
which is present in Q3 for M = 0 and Q4 for M = 7. The ¢, and ¢3
libration regions survive the increase of mass of the third body. In
Q3 for M = 0, there is a fixed point family for e 2~ 0.4 and e, = 0.99.
In Fig. 14, we show the orbital evolution corresponding to the initial
condition marked in Q3 for M = 0 (Fig. 13) which is maintained by
the single libration of ¢, around 7.

2.3 1/—4 Resonance (Figs 15-19)

The resonant angles analysed were:

¢o = —4A — A, + Sw (colour bar) (1D
¢ = —4)r — A, + 5w, (red) (12)
¢ = —4) — A, + 4w, + 5 (green) (13)

MNRAS 520, 4696-4714 (2023)

€20z ke zo uo Jasn siepedsT sesinbsad ap [euoioeN o1nnsu| Aq £££220//969%/€/02S/a10nie/seiuw/woo dnooiwspese//:sdiy woll papeojumod


art/stad336_f13.eps
art/stad336_f14.eps

4704

100 ER3BP

140

0.75

o
w
o

o
]
]

o]

epcos(wp)
o
o
o
[=2]
o

-0.25

B
o

-0.50

N
o
amplitude of the resonant angle {Agg)

0751 go=n $o=0

-1.00
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

ecos(w)

(@)

=}
~
v
=3
S
I
3
b=
S
I
o
[a
Py
o

s

203

0.50 ; %

005

__ 025 E

o

E 80 é

§ 0.00 o

= 60 w

[ <

-0.25 >

o

40 o

—0.50 =

=

20 E

075 go=n $o=0 ©
-1.00

"-1.00 -0.75 -0.50 -0.25 0.00 025 0.50 075 1.00
ecos(w)

(b)

Figure 15. Resonant maps for the 1/—4 resonance in the ER3BP: (a) M =
0; (b) M = m. The amplitude of restricted angle (¢) is represented by the
colour bar and the overlying white symbols indicate the fixed point family
where all resonant angles librate around a centre. The coloured symbols
indicate libration of a single resonant angle, ¢3 (blue). The orange and grey
lines indicate, respectively, collision at time zero or after half a period of the
external object.

¢3 = —4) — Ay + @, + 4w (blue) (14)
¢y = —4) — A, + 3w, + 2o (cyan) (15
¢s = —4L — Ay + 2, + 3 (magenta) (16)

In Fig. 15 for M = 0 (a) and M = & (b), we present the stability
maps for the ER3BP. The colour bar indicates the amplitude of the
resonant angle ¢y where dark purple/blue indicates the resonance
centre. For both values of mean anomaly, we did not observe fixed
point families in the maps. In Q) for M = 0 and O, for M = 7,
there is a region where only the resonant angle ¢ librates around 0
while the others angles circulate. For M = m, there is a region of ¢
libration in the case the prograde planet has high eccentricity (e, >
0.75). Some initial conditions have libration of ¢3 around 0 in Q, of
Fig. 15b.
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Figure 16. Resonant maps for the 1/—4 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = . The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of
a single resonant angle, ¢3 (blue). The orange and grey lines indicate,
respectively, collision at time zero or after half a period of the external object.

The stability maps for the planetary problem when the second
planet has Neptune mass are presented in Fig. 16. As observed for
the other resonances, the main difference between the restricted and
the Neptune case is related to the appearance of fixed point families
near e, ~ 0. This occurs for the 1/—4 resonance, however we also
observe the emergence of a fixed point family with e, ~ 0.88 and e
~ 0.6 in the Neptune case. A ¢3 libration region around 0 appears in
O, forM=m.

The stability maps for the planetary problem when the third
body has Saturn mass are presented in Fig. 17. Comparing to the
maps with Neptune mass, we can see that the fixed point families
with e, ~ 0 in Q; and Q3 are displaced to higher values of the
prograde planet eccentricity. The two fixed point families in Q;
also increase in size. For M = m, a new region of ¢3 libration
appears in (), while the other ¢ libration regions observed in
both maps (Q; for M = 0 and Q, for M = ) grow in size with
increasing mass. In Qi, the fixed point family with e, = 0.88
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Figure 17. Resonant maps for the 1/—4 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = 7. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of
a single resonant angle, ¢3 (blue). The orange and grey lines indicate,
respectively, collision at time zero or after half a period of the external object.

also grow in size when the retrograde planet have the mass of
Saturn.

In Fig. 18, the stability maps when the second planet has Jupiter
mass are presented. In this case, we can observe that in Q; of both
maps (M = 0 and M = ) the most part of the fixed point regions
are destroyed due to vertical instability. For M = 0, there is no
¢5 libration region; for M = m, these regions are still present, one
of them at very high e,. Differently from the previous maps, there
is a periodic family near the x-axis in Q, for M = m. In Fig. 19,
we show the orbital evolution of two initial conditions marked in
Fig. 18. Both initial conditions correspond to fixed points, the first
one, represented in Fig. 19a, exhibits libration of all resonant angles
and Ao around 0; the second one, represented in Fig. 19b, exhibits
libration of ¢g, ¢, and ¢s around O and ¢, ¢3, ¢4, and Aw
around 7.
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Figure 18. Resonant maps for the 1/—4 resonance region considering the
third body with Jupiter’s mass: (a) M = 0; (b) M = m. The amplitude of
restricted angle (¢o) is represented by the colour bar and the overlying white
symbols indicate the fixed point family where all resonant angles librate
around a centre. The coloured symbols indicate libration of a single resonant
angle, ¢3 (blue). The orange and grey lines indicate, respectively, collision at
time zero or after half a period of the external object.

2.4 4/—1 Resonance (Figs 20-24)

The resonant angles analysed were:

¢o = —A —4A, + S (colour bar) (17)
¢1 = —A —4x, + 5w, (red) (18)
¢ = —) — 44, + @, + 4 (green) (19)
¢3 = —A — 4L, + 4w, + @ (blue) (20)
¢4 = —A — 4k, + 2w, + 3w (cyan) (21)
¢s = —A — 4, + 3w, + 27 (magenta) (22)

In Fig. 20, we present the maps for the ER3BP. The top panel (a)
corresponds to M = 0 which implies ¢y = 0 in all quadrants, while
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Figure 19. Orbital evolution of the initial conditions circled in Fig. 18. In (a),
the initial condition is e = 0.54, e, = 0.3. In (b), the initial condition is e =
0.84, e, = 0.05. The first, second, third, and fourth panels show, respectively,
the third body’s semimajor axis, its eccentricity, the difference Az between
the longitudes of pericentre, and the resonant angles ¢o, ¢1, ¢2, ¢3, ¢4, and

¢s.

the bottom panel (b) corresponds to M = 7 implying ¢y = 7 in all
quadrants. As we can see on the maps, the symmetry in this resonance
occurs across the x-axis. For M = 0 map, there are periodic families
and ¢5 libration regions in all quadrants; the periodic families of O,
and Q4 are maintained by the libration of resonant angles ¢, ¢3,
and ¢4 around O and ¢, ¢,, and ¢s around 7. For M = 7, there
are two periodic families with high e, in O, and Q3. The principal
periodic family observed in Q3 in Fig. 20a agrees with the fixed
point family obtained by Kotoulas & Voyatzis (2020b). While their
periodic family extends from e = 0 to e = 0.6, we observe it in the
range e = 0.22 to e &~ 0.6. This difference could be due to the limited
resolution of our maps. The periodic family near to the x-axis at
high e is in agreement with the bifurcation of the eccentric resonant
family of the CR3BP reported in Kotoulas & Voyatzis (2020b), but
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Figure 20. Resonant maps for the 4/—1 resonance in the ER3BP: (a) M =
0; (b) M = 7. The amplitude of restricted angle (¢o) is represented by the
colour bar and the overlying white symbols indicate the fixed point family
where all resonant angles librate around a centre. The coloured symbols
indicate libration of a single resonant angle, ¢3 (blue). The orange and grey
lines indicate, respectively, collision at time zero or after half a period of the
external object.

this family could not be computed by these authors due to numerical
difficulties. Furthermore, the periodic families in Q; and Q3 for M =
7 (Fig. 20b) also occur with e, ~ 0.9 and were also not identified in
Kotoulas & Voyatzis (2020b).

The stability maps for the planetary problem when the second
planet has Neptune mass are presented in Fig. 21. For M = 0, a
periodic family with e, ~ 0 appears in Q. Both in Q; and Q5 there
is a periodic family for high values of e and e,. The ¢3 libration
region of Q3 vanishes with the increase of mass. For M = m, the
fixed point families are similar to the ones observed in the ER3BP
map.

The stability maps when the retrograde body has Saturn mass
are presented in Fig. 22. For M = 0, the periodic families with e,
~ (), observed in the Neptune case, disappear. The periodic families
present in the case of Neptune mass almost disappear in O, and vanish
in Q4. The ¢3 libration region no longer exists in Qs, although in Q4
anew region of ¢, libration around 0O appears. The principal periodic
families in Q, and Qs decrease in size, while the periodic families
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Figure 21. Resonant maps for the 4/—1 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = m. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of
a single resonant angle, ¢3 (blue). The orange and grey lines indicate,
respectively, collision at time zero or after half a period of the external object.

with high e and e, increase a little. For M = 7, the periodic families
decreased considerably in size with the increase of mass. In Fig. 23,
we show the orbital evolution corresponding to the initial condition
marked in Q4 of Fig. 22a; this initial condition is maintained by the
single libration of ¢4 around 0.

In Fig. 24, the stability maps considering the second planet
with Jupiter mass are presented. For M = 0, we can see that a
large region within periodic family is destroyed when both planets
have the same mass. This instability occurs because these initial
conditions are vertically unstable, causing one of the planes to
collide with the star. The ¢5 libration region reappears in Q3 and
survives the increase of mass in Q4. In Q4, there is a stable region
maintained by the libration of ¢; around s. Similar to the maps
for other second planet masses, there are very few families on
map for M = m; for the Jupiter case, a ¢, libration region appears

in Q3.
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Figure 22. Resonant maps for the 4/—1 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = 7. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration of a
single resonant angle, ¢3 (blue) and ¢4 (cyan). The orange and grey lines
indicate, respectively, collision at time zero or after half a period of the
external object.

2.5 2/-3 Resonance (Figs 25-29)

The resonant angles analysed were:

$o = =3 —2X, + 5 (colour bar) (23)
$1 = =31 — 2%, + 5w, (red) (24)
¢ = =31 — 2, + 3w, + 2o (green) (25)
¢35 = =37 — 2i, + 2w, + 3w (blue) (26)
¢4 = =31 =24, + 4w, + 1o (cyan) (27)
¢s = =31 —2X, + 1o, + 4 (magenta) (28)

The stability maps when we consider a third body with no mass
are presented in Fig. 25. The top panel (a) corresponds to M =
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Figure 23. Orbital evolution of the initial condition circled in Fig. 22. The
initial condition is e = 0.39, ¢, = 0.25 and corresponds to an orbit maintained
by the libration of ¢4. The first, second, third, and fourth panels show,
respectively, the third body’s semimajor axis, its eccentricity, the difference
Aw between the longitudes of pericentre, and the resonant angles ¢g, ¢,

®2, 3, ¢4, and @s.

0 which implies ¢y = 0 in all quadrants, while the bottom panel
(b) corresponds to M = & implying ¢y = 7 in all quadrants. The
periodic families are present only for M = 0, the periodic family in
Q, is maintained by the libration of ¢g, ¢3, and ¢4 around 0 and
@1, ¢2, and ¢s around 7. The other periodic families are maintained
by the libration of all resonant angles and Az around 0. For M =
7, there are some regions for low e, values which are stable due
the libration of ¢y around 7. The two fixed point families in Q3
of Fig. 25a are relatively in agreement with the results obtained in
Kotoulas & Voyatzis (2020a) for the ER3BP when the second planet
has Neptune’s mass. Our Q4 family is slightly different compared
to Kotoulas & Voyatzis (2020a) as in this work the family appears
in Q. These two quadrants correspond to approximately equivalent
initial conditions but the O, family did not survive in our numerical
integrations. This difference is due to the different masses used for
the prograde planet. For comparison purposes, we performed the
integrations using a prograde planet with the mass of Neptune instead
of the mass of Jupiter and we obtained results very similar to those
reported in Kotoulas & Voyatzis (2020a), the only difference is that
we observe fixed point regions with e, > 0.6 and e ~ 0.45 in Q; and
ep, > 0.75 and e ~ 0.65 in Q4, both for M = 0. In Fig. 26, we show
the orbital evolution corresponding to the initial condition marked in
Q. of Fig. 25a.

The stability maps for the planetary problem when the second
planet has Neptune mass are presented in Fig. 27. For M = 0, a fixed
point family with e, ~ 0 and very high values of retrograde planet
eccentricity appears, this family is maintained by the libration of all
resonant angles and Az around 0. With the increase of mass of the
retrograde body the periodic family in Q4 disappears. For M = =,
the regions maintained by ¢ libration decrease and some fixed point
initial conditions with e, ~ 0 appear, in these fixed points there is
libration of all resonant angles around 7 and Az around 0.

The stability maps for the planetary problem when the second
planet has Saturn mass are presented in Fig. 28. The regions main-
tained by ¢ librations continue to decrease as the mass increases.
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Figure 24. Resonant maps for the 4/—1 resonance region considering the
third body with Jupiter’s mass: (a) M = 0; (b) M = z. The amplitude of
restricted angle (¢o) is represented by the colour bar and the overlying white
symbols indicate the fixed point family where all resonant angles librate
around a centre. The coloured symbols indicate libration of a single resonant
angle, ¢ (red) and ¢3 (blue). The orange and grey lines indicate, respectively,
collision at time zero or after half a period of the external object.

For both maps, the periodic families with e, ~ 0 are shifted to larger
e, or are destroyed.

The stability maps for the case where both planets have the mass
of Jupiter are presented in Fig. 29. For M = 0, there are only two
periodic families with high e, values, these are present in Q; and Q3.
The same occurs for M = 7; however, these initial conditions are
maintained by the resonant angles librations for lower values of e
and e,. Remembering that collision lines are approximations derived
from the 2-body problem, hence due to the high perturbation in this
resonance case, these lines are overlapping some of the fixed point
families.

2.6 3/—2 Resonance (Figs 30-34)

The resonant angles analysed were:

¢o = —21 — 3, + Sw (colour bar) 29)
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Figure 25. Resonant maps for the 2/—3 resonance in the ER3BP: (a) M =
0; (b) M = 7. The amplitude of restricted angle (¢g) is represented by the
colour bar and the overlying white symbols indicate the fixed point family
where all resonant angles librate around a centre. The orange and grey lines
indicate, respectively, collision at time zero or after a period of the external
object.

$1 = =21 — 3%, + 5w, (red) (30)
¢ = —2) — 3%, + 2w, + 3w (green) (€2))
¢3 = =21 — 3k, + 3w, + 2w (blue) (32)
¢4 = =21 — 3%, + @, + 4w (cyan) (33)
¢s = —2A — 3, + 4w, + @ (magenta) (34)

In Fig. 30, we present the maps for the ER3BP. The top and bottom
panels, represented by a and b, were obtained, respectively, for M =
0 and M = &, which implies ¢9 = 0 in Qy, Q4 and ¢y = 7 in Q,,
Q3 in both maps. The symmetry for this resonance occurs between
equivalent quadrants for M = 0 and M = m. There are periodic
families in Q; and Q4 for both asteroid mean anomaly values, the
Q, family is maintained by the libration of ¢, ¢, and ¢s around
0 and ¢, ¢3, ¢4, and Aew around 7. For M = 0, there are some
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Figure 26. Orbital evolution of the initial condition circled in Fig. 25. The
initial condition is e = 0.63, e, = 0.11 and corresponds to a fixed point family
maintained by the libration of all resonant angles and Az . The first, second,
third, and fourth panels show, respectively, the third body’s semimajor axis,
its eccentricity, the difference Az between the longitudes of pericentre, and
the resonant angles ¢o, @1, ¢2, $3, P4, and ¢s.

initial conditions maintained by the single libration of ¢, around 0.
The principal periodic family observed in Q; in both maps of Fig. 30
is partially in agreement with the fixed point family obtained by
Kotoulas & Voyatzis (2020b), again the difference occurs in relation
to the range of eccentricity which extends to ¢ = 0 in the latter
work. Again, this difference is probably explained by the limited
resolution of our maps. The small periodic family with e = 0.96
and e, = 0.03 observed in Q4 also agrees with the results presented
in Kotoulas & Voyatzis (2020b). In Fig. 31, we show the orbital
variation corresponding to the initial condition marked in Q4 of
Fig. 30.

The stability maps for the planetary problem when the second
planet has Neptune mass are presented in Fig. 32. For M = 0, there are
new periodic families with low values of prograde planet eccentricity
in Q; and Q3. The ¢, libration region is still present. For M = 7, a
periodic family with low values of e, also appears in Q3. The periodic
family with e = 0.96 present in Q4 of ER3BP map vanishes with the
increase in retrograde body mass.

The stability maps for the planetary problem when the second
planet has Saturn mass are presented in Fig. 33. In general, for both
values of mean anomaly, the family of Q5 disappears. For M = 0, the
periodic family with low values of e, observed in Q; in the Neptune
case mostly disappeared, there is only an initial condition with semi-
amplitude of resonant angles <45°. The ¢, libration region does not
exist for this case.

InFig. 34, the stability maps considering the retrograde planet with
Jupiter mass are presented. In both maps, there is a periodic family
in O3, maintained by libration of all resonant angles and Az around
7. When both planets have the mass of Jupiter, the two principal
families observed in Q; exist for lower values of the prograde planet
eccentricity.

3. CONCLUSION

In this article, we showed that there are stable configurations for
the fourth- and fifth-order retrograde resonances when we consider

MNRAS 520, 4696-4714 (2023)

€20z ke zo uo Jasn siepedsT sesinbsad ap [euoioeN o1nnsu| Aq £££220//969%/€/02S/a10nie/seiuw/woo dnooiwspese//:sdiy woll papeojumod


art/stad336_f25.eps
art/stad336_f26.eps

4710

1.00 NEPTUNE
140
0.75 fo=1 =
1208
0.50 g
1005
__ 025 ‘E’
o
(<] / R é
@ 000 ' 8
b 60 @
Q K. vl
—0.25 =
o
40 w
-0.50 'g
20 8
-07s $0=0 §
0
-1.00
~1.00 —0.75 —0.50 —0.25 0.00 025 050 0.75 1.00
ecos(w)
(a)
1.00 NEPTUNE
140
_— po=n do=n -
1208
0.50 -
1005
__ o025 ‘%‘
B 80 5
§ 0.00 2
@ 60 2
—0.25 e
o
40 w
-0.50 2
=
20 g—
075 gy=n go=n 5
0
~1.00

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
ecos(w)

(b)

Figure 27. Resonant maps for the 2/—3 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = . The
amplitude of restricted angle (¢¢) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The orange and grey lines indicate, respectively,
collision at time zero or after a period of the external object.

a system composed by a solar mass star, a Jupiter mass planet with
prograde motion, and a retrograde planet with either zero mass
(ER3BP), or non-zero mass equal to Neptune, Saturn, or Jupiter.
As we increase the mass of the retrograde planet, we observe an
expressive change in the resonant phase space.

In general, when we increase the mass of the second planet to
the mass of Neptune some additional fixed point families close to
the x-axis (e, ~ 0) appear. As we continue to increase the mass
of the retrograde planet, these families move away from the x-axis
and the fixed point region become less predominant in the phase
space, that is, when both planets have the mass of Jupiter, there
are fewer initial conditions for families of fixed points than for other
masses. This happens for all retrograde resonances of fourth and fifth
order. Except for the 2/—3 and 3/—2 resonances, we observe that a
considerable region of the main fixed point family becomes vertically
unstable when both planets have the same mass. This instability is
not caused by close encounters but rather by the increase/decrease of
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Figure 28. Resonant maps for the 2/—3 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = m. The
amplitude of restricted angle (¢¢) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The orange and grey lines indicate, respectively,
collision at time zero or after a period of the external object.

the inclination of the prograde/retrograde body until one of the two
collides with the star.

We observe some differences between our numerical results and
the periodic families reported in Kotoulas & Voyatzis (2020a, b). In
the case of the 3/—1 resonance, we observe a new fixed point family
and a family at high eccentricity e,,. For the 4/—1 resonance, we also
obtain families at high e, and we recover a fixed point family close to
the x-axis at high e which is in agreement with the bifurcation from
the resonant eccentric family of the CR3BP reported in Kotoulas &
Voyatzis (2020b) but that could not be computed by these authors due
to numerical difficulties. For the 4/—1 and 3/—2 resonances, the fixed
point families which occur due to bifurcation of the circular family
of the CR3BP, and are reported in Kotoulas & Voyatzis (2020b),
do not extend to e = 0 and e, = 0 in our work. This is likely due
to the different methods used. While Kotoulas & Voyatzis (2020b)
compute the periodic families using the method of continuation from
the CR3BP, we obtain information about these families by computing
stability maps where we observe the quasi-periodic regions around
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Figure 29. Resonant maps for the 2/—3 resonance region considering the
third body with Jupiter’s mass: (a) M = 0; (b) M = 7. The amplitude of
restricted angle (¢o) is represented by the colour bar and the overlying white
symbols indicate the fixed point family where all resonant angles librate
around a centre. The orange and grey lines indicate, respectively, collision at
time zero or after a period of the external object.

the stable periodic families. When these quasi-periodic regions are
small, our map resolution may not be enough to identify the families.
However, the information about the extent of the quasi-periodic
regions is important and therefore our work is complementary to
the work in Kotoulas & Voyatzis (2020b). Furthermore, for the
2/—3 resonance, we observe an expected disagreement due to the
difference of the prograde planet mass used in this article and in
Kotoulas & Voyatzis (2020a). With additional simulations using
the mass of Neptune for the prograde planet, we obtain, except for
families at high e, results in agreement with Kotoulas & Voyatzis
(2020a).
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Figure 30. Resonant maps for the 3/—2 resonance in the ER3BP: (a) M = 0;
(b) M = . The amplitude of restricted angle (¢¢) is represented by the colour
bar and the overlying white symbols indicate the fixed point family where
all resonant angles librate around a centre. The coloured symbols indicate
libration of a single resonant angle, ¢ (red). The orange and grey lines
indicate, respectively, collision at time zero or after a period of the external
object.

As proposed by Gayon & Bois (2008) and Gayon-Markt &
Bois (2009), resonant exoplanetary systems with counter revolv-
ing motion may exist. In some cases, the fitting of radial-
velocity curves considering such retrograde configurations is
better than for prograde configurations. Our results indicate
which stable retrograde configurations are possible in a sys-
tem with planets in a fourth- or fifth-order resonance. There-
fore, our work may be used as a guide for searching such
systems.
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Figure 31. Orbital evolution of the initial condition circled in Fig. 30. The
initial condition is e = 0.96, ¢, = 0.03 and corresponds to a fixed point family
maintained by the libration of all resonant angles and Aw . The first, second,
third, and fourth panels show, respectively, the third body’s semimajor axis,
its eccentricity, the difference Aw between the longitudes of pericentre, and
the resonant angles ¢o, @1, P2, $3, ¢4, and ¢s.
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Figure 32. Resonant maps for the 3/—2 resonance in the planetary problem
when the second planet has Neptune’s mass: (a) M = 0; (b) M = . The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The coloured symbols indicate libration
of a single resonant angle, ¢ (red). The orange and grey lines indicate,
respectively, collision at time zero or after a period of the external object.
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Figure 33. Resonant maps for the 3/—2 resonance in the planetary problem
when the second planet has Saturn’s mass: (a) M = 0; (b) M = m. The
amplitude of restricted angle (¢o) is represented by the colour bar and the
overlying white symbols indicate the fixed point family where all resonant
angles librate around a centre. The orange and grey lines indicate, respectively,

SATURN
po=n Po=0 o
do=n Po=0

ecos(w)

(@)

0.25 0.50 0.75

1.00

SATURN
po=n Po=0
do=n Po=0

ecos(w)

(b)

00"
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

collision at time zero or after a period of the external object.

140
g
1209
[}
=)
1005
=
1]
80 5
[}
I
60 g
kS
40 w
o
2
=
20 £
m
0
140
g
1209
@
e
1005
=
@
80 5
wn
I
60 g
kS
40 w
©°
2
=
20 £
[+
0

Retrograde resonances in planetary systems

1.00

0.75

o =
N w
o] o

eycos(wy)
(=]
o
o

-0.25

-0.50 |-

-0.75

-1.00

JUPITER
po=n $o=0
Po=n $o=0

-1.00 -0.75 -0.50 -0.25 0.00 0.25

1.00

0.75

5 =i
N w
a =)

epcos(wp)
o
i=
(=}

-0.25

—-0.50

-0.75

=1

Figure 34. Resonant maps for the 3/—2 resonance region considering the
third body with Jupiter’s mass: (a) M = 0; (b) M = m. The amplitude of
restricted angle (¢o) is represented by the colour bar and the overlying white
symbols indicate the fixed point family where all resonant angles librate
around a centre. The orange and grey lines indicate, respectively, collision at
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