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ABSTRACT

The present work studies theoretically the quasi-steady combustion of an isolated
droplet with the formation of soot. For this, an analysis was made on the con-
servation equations to determine the characteristic spatial and temporal scales of
the problem, which were used for the nondimensionalization of those equation. The
problem has spherical symmetry, which allows for a one-dimensional analysis of the
problem. The quasi-steady combustion regime is justified by the fact that the ther-
mal inertia of the gas phase close to the droplet is much less than that of the liquid
phase, so the environment adapts thermically much faster than the droplet. The boil-
ing temperature is considered for the whole droplet, i.e., all heat transferred to the
droplet is used for the phase change (vaporization). It was admitted that the chem-
ical process occurs at the Burke-Schumann limit, thus the reaction rate is infinitely
fast which leads to infinitely thin flame. To solve the system of governing differ-
ential equations, the Shvab-Zel’dovich formulation was used, which eliminates the
dependence of the chemical reaction term, which is non-linear. Therefore, the mass
fraction of species and the temperature field are described by the mixture fraction,
7, and excess enthalpy, H, equations. The boundary conditions were imposed at the
surface of the droplet and in a region far from it. To describe the formation of soot
in the problem, a simplified mathematical model was adopted. The resulting system
of second order differential equations allow to be integrated analytically once, and
the final system of first order differential equations is integrated numerically. The
transport properties were considered as constants, which allowed finding analytical
solutions for the resulting system of differential equations. The solutions showed the
influence of soot generation in the droplet vaporization rate, in the mass fraction of
the droplet surface, temperature and flame position, in addition to imposing a limit
higher for the amount of soot formed

Keywords: Droplet combustion. Shvab-Zel’dovich. Soot Formation.






FORMULACOES DE SHVAB-ZELDOVICH E FLAMELET
APLICADAS A COMBUSTAO QUASE ESTAVEL DE GOTIiCULA,
COM FORMACAO DE FULIGEM E TRANSFERENCIA
RADIATIVA DE CALOR

RESUMO

O presente trabalho, que foi iniciado em Agosto de 2019, estuda teoricamente a com-
bustao no regime quase-estacionario de uma gota isolada com a formagao de fuligem.
Para isso, foi feita uma analise das equagoes de conservacao para determinar as es-
calas espaciais e temporais caracteristicas do problema, as quais foram utilizadas
para a adimensionalizacao dessas equagoes. O problema tem simetria esférica, o que
permite uma analise unidimensional. O regime de combustao quase-estacionario é
justificado pelo fato de que a inércia térmica da fase gasosa préxima a gota é muito
menor que a da fase liquida, de modo que o ambiente se adapta muito mais rapida-
mente que a gota. A temperatura de ebuli¢ao foi considerada para toda a gota, isto é,
todo o calor transferido para ela é usado para a mudanga de fase (vaporizacao). Foi
admitido que o processo quimico ocorre no limite de Burke-Schumann, portanto a
taxa de reacao é infinitamente rapida, o que leva a chamas infinitamente finas. Para
resolver o sistema de equacoes diferenciais governantes, foi utilizada a formulagao
de Shvab-Zel39;dovich, que elimina a dependéncia do termo de reacao quimica, que
nao ¢ linear. Portanto, a fracao de massa das espécies e o campo de temperatura
sao descritos pelas equacoes da fracao da mistura, Z, e de excesso de entalpia, H. As
condicoes de contorno foram impostas na superficie da gota e em uma regiao dis-
tante da mesma. Para descrever a formagao de fuligem no problema, foi adotado um
modelo matematico simplificado. O sistema resultante de equacoes diferenciais de
segunda ordem permite uma integracao analitica, e o sistema final de equacoes difer-
enciais de primeira ordem é integrado numericamente. As propriedades de transporte
foram consideradas como constantes, o que permitiu encontrar solugoes analiticas
para o sistema de equagoes diferenciais resultante. As solu¢des mostraram a influén-
cia da geragao de fuligem na taxa de vaporizacao da gota, na fracdo méssica da
superficie da gota, na temperatura e posicao da chama, além de impor um limite
superior para a quantidade de fuligem formada.

Palavras-chave: Combustao de goticula. Shvab-Zel’dovich. Formacao de fuligem.
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1 INTRODUCTION

The oldest technology of the human species is combustion (WARNATZ et al., 2006).
Following the timeline of our species, we note that combustion is present in the
main historical moments in which there was a scientific and technological leap,
enabling greater development of our society in each era. Three important periods
where combustion was the central theme were the Industrial Revolutions in the 18th
and 19th centuries, and during the 20th century. The discoveries of each era allowed
some developments such as steam engines, internal combustion engines, aerospace
and energy sector developments, where mathematics, chemistry and physics, played

a fundamental role in the
description of the phenomena (DALENOGARE, 2017; BIANCHIN, 2016).

Combustion consists of the chemical reaction involving the fuel and the oxidizer,
where there are breaks in the chemical bonds of each reagent and the formation
of combustion products, in addition to the release of energy in the form of heat
and light. This reaction can occur quickly or slowly, with direct implications for
the release of heat and light emission (TURNS, 2011). In the combustion reaction,
soot formation can occur, which is generated by the unburned fuel in the flame. Soot
contributes to damage the environment, such as acid rain and rising temperatures on
the planet, in addition, it compromises structural projects, such as the accumulation
of soot on the walls of a combustor. On the other hand, soot particles can contribute
to industrial ovens, for example, where the thermal radiation transferred during
combustion can be used (MERGULHAO, 2016).

In order to optimize the burning of the fuel, it is atomized, where the liquid phase
breaks down into small droplets. This process aims to increase the contact area be-
tween the fuel and the ambient atmosphere, resulting in an increase in the rate of
heat transfer from the environment to the fuel and increasing the rate of vaporiza-
tion. Analyzing the heat and mass transfer in a droplet cloud is a highly complex
process, so an isolated droplet study is done, and it contributes to the description
of the droplet cloud behavior (DALENOGARE, 2017)

In this work, which was funded and supported by CNPq and INPE, an analysis of
temporal and spatial scales is carried out. In addition, we deduce the conservation
equations, which form the basis for solving the problem. The equations were written
in their dimensionless form, taking into account the characteristic scales, which al-

lowed the simplification of the equations according to the physical conditions of the



combustion of an isolated droplet. Besides, from detailed equations for conservation
of mass, species and energy for the liquid and gaseous phases, a mathematical de-
scription of the combustion of an isolated droplet, of spherical symmetry, inserted
in an oxidant, quiescent ambient atmosphere, is presented. Due to the presence of
a strongly nonlinear term in the species and energy conservation equations, the
Shvab-Zel’dovich formulation is adopted to combine the equations and eliminate
the chemical reaction term. Only soot formation is considered in the mathematical

formulation, heat transfer is added in the next works.



2 DESCRIPTION OF THE PROBLEM AND SCALES

The objective of this work is to study the combustion of a droplet of liquid fuel
inserted in an oxidant ambient atmosphere with soot formation, using the Shvab-
Zel’dovich formulation. No relative velocity between the droplet and the environment
is considered, thus the convective effects on the vaporization is neglected. Also the
vaporization process generates a low velocity and only in radial direction, the viscous
dissipation is zero. Due to the fact that the size of droplets in industrial and aerospace

application are very small, the gravity effects can be disregarded.

For combustion to occur, fuel and oxidant must be in the gaseous phase, thus the
burning of a fuel droplet demands its vaporization. It is assumed that the droplet
temperature is uniform and equal to the boiling temperature. Therefore, heat trans-
ferred from the ambient atmosphere is used to vaporize the liquid phase. Since there
is no relative velocity between droplet and environment, then the velocity inside the
droplet is zero. Therefore the droplet presents spherical symmetry, and the problem

is described by 1D conservation equations.

The liquid fuel evaporates and diffuses to the reaction zone. The expansion of the
gaseous phase, which is caused by the phase change and the increasing tempera-
ture toward the flame, has a much smaller velocity than the speed of sound, which
explains the constant pressure.The stoichiometric ratio between fuel and oxidant
fluxes is the necessary condition to define the location of the reaction zone, where
a spherically symmetrical flame is established. At the flame heat is generated and
transferred to the droplet to provide the vaporization. Let’s consider that the gas
phase is in a low pressure condition, justifying the quasi steady regime. The reason
for that is the higher thermal inertia of the liquid phase than that of the gas phase.
Therefore, the gas phase adapts quickly to temperature variation on the droplet
surface. This characteristic of the problem simplifies the conservation equations,
eliminating the need to deal with the time evolution of the temperature inside the

droplet.

We consider that the combustion occurs at the Burke-Schumann limit, that is, the
number of Damkohler is infinitely large, so the chemical reaction time must be
infinitely greater than any mechanical time. This makes the residence time of the
reagents infinitely short in the reaction zone, which generates an infinitely narrow
flame. Under this condition, the domain can be divided in fuel zone and oxygen
zone, and the integration of the conservation equations can be performed in a easy

way. The temperature of the gas phase varies with distance, assuming greater value



in the position of the flame, in which the mass fraction of fuel and oxidant goes to

Z€ero.

The problem of combustion of an isolated droplet involves transfer of mass by diffu-
sion, transfer of energy, in addition to the generation and consumption of chemical
species. The properties of the gas, in the environment far from the droplet, are con-
stant. These properties are: density p?_, thermal conductivity k%, constant pressure
specific heat ¢j. The gas temperature and the mass fraction of the oxidant are kept

constant at 17, and Y.

"*'" indicates the variable in dimensional form and the

In this work, the superscript
subscript co and b indicates the ambient condition (far from droplet) and boiling

condition, respectively.
2.1 Soot Formation

Ideally, the combustion of hydrocarbons has mainly the formation of carbon dioxide

and water, as shown in the equation below.

An ideal condition means that the oxygen content of the mixture is sufficient to react
with all the fuel. In practice, the conditions are different from the ideal, that is, if the
oxygen present is not sufficient to fully convert the fuel according to Eq. (2.1), and
if the fuel pyrolysis to occur, the formation of other combustion products besides
carbon dioxide and water, such as carbon monoxide, hydrogen, hydrocarbons and

soot are observed.

Soot formation is a process that converts a hydrocarbon fuel molecule containing
few carbon atoms into an agglomerated carbonaceous, which has a few million car-
bon atoms. This step is described by the formation and growth of large aromatic
hydrocarbons and their transition to particles, after which comes the coagulation
of the primary particles, forming even larger aggregates, and, finally, the growth of
solid particles (BOCKHORN, 1994). Soot forms around the droplet. Its geometric
shape has the shape of a ring or a shell. This ring, formed by an aggregate of soot,
is reasonably dense, but highly porous. The position of the sooty shell is determined
by balancing the thermophoretic and drag forces (KUMAR et al., 2002)

Figure 2.1 shows the position of the droplet, the soot shell and the flame. The region

outside the flame represents the gaseous and oxidizing atmosphere.



Figure 2.1 - Schematic of problem configuration showing the liquid-fuel droplet, flame
zone, soot layer, and the associated forces.
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SOURCE: Kumar et al. (2002)

In this work, an infinitely fast reaction is considered, then the soot particles are
formed only by the pyrolysis of fuel in the region of temperature around 1200K,
given by a first order reaction F' — Soot. The term of chemical kinetics related with

the soot formation is modelled in simple form as

Ussoot - Asooté(x - wsoot)

in which Ay is the amount of soot generated, 6(x — Z4o0r) is the delta of Dirac and
Tsoot 1S the position of the soot formation (FACHINT, 2006).

2.2 Scales

In order to study physical phenomena, it is extremely important to have a char-
acteristic parameter in order to be able to classify how different things are. These
parameters are the length, time and velocity scales. In this work, all lengths are

scaled with initial droplet radius.

The droplet has a time to evaporate. This time can be calculated due to the fact

that all heat conducted to the droplet is equal to the energy required to evaporate



the liquid fuel (GOLDSMITH, 1955), thus
dt* <37T(a yeil ) = Am(a" VR

Aa* AT*
4rpr L*(a*)? A(Z* ~ 4m(a*)’k?, A
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In which
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have a order of unit and
0y ek

Therefore, the characteristic time is given by the vaporization time of the droplet

Since the droplet is at the boiling temperature, so there is no need to consider

heating the droplet.



3 MATHEMATICAL MODEL

In this mathematical description, the main topics studied were based on the texts of
(GUIDORIZZI, 2002; FACHINI, 1999; FOX et al., 2014; BIANCHIN, 2016; DALENOGARE,
2017).

First of all, are presented the conservation equations in the gas and liquid in di-
mensional form. To describe this formulation we applied the Reynolds Transport
Theorem, Gauss Theorem and physics laws such as Second Newton’s Law and First
Thermodynamics Law, and mass conservation. In this work, we adopted the global
one-step mechanism to describe the combustion reaction, which is represented as
follows

F+5s0y — (1+s)P (3.1)

The Reynolds Transport Theorem establishes the relationship between the variation

of a system property and the formulation of the control volume,

d [ 08(x,1)
it J, ey = / AV [ oGty ndA

in which V; is fluid volume, or system volume, V. is control volume and . is the

surface of control volume.

Gauss Theorem or Divergence Theorem establishes the following relationship
[ v-Fav = [ F-naa
v b

in which V is the volume of a region, ¥ is the boundary surface of V and n is the
normal vector of the surface and is positively oriented, that is, out of the region. F
is a vector field whose components have continuous partial derivatives in the region

containing V.
The surface forces can be write as following

For liquid phase is considered p; constant, the velocity between gas phase and liquid
phase is zero, pressure is constant and the reaction term is disregarded because
Yo = 0 inside the droplet.



3.1 Conservation Equations for the Gas Phase
3.1.1 Mass Conservation

In the control volume there is no creating or destroying of mass, therefore

d
L prav =0
at /vf P

Applying the Reynolds Transport Theorem

/ 0" v 4 / PV ntdA* = 0
Vo(t) Ot* Se(t)

where

/ PV n*dA* = / V. p'vidv*
Te(t) Ve(t)
satisfies the Gauss Theorem. Therefore, the Mass Conservation Equation is

*

dp
ot

+V-p'vi=0 (3.2)

The process to find conservation equations is repetitive, that is, we will always use

the previous step.
3.1.2 Species Conservation

The rate of change in the mass of species i is related to the diffusion of that species
across the control surfaces and the rate of chemical reaction, which can create or
destroy the species. Mathematically
d
(2

— pidV* = —p*DIVY 'n*"dA” —|—/ sip Wt dV*
dt Jvy ) Se(t) Ve(t)

in which sp =1, sp = s, according to Eq. (3.1),

Y =

(2

w* = BYpYge EY/(RTY)

AR

Applying the Reynolds Transport Theorem and Gauss Theorem we have the Species

Conservation Equation

ot*

FV PV = -V 0 DIV st (3.3)



3.1.3 Momentum Conservation

The second Newton’s law describe the relation between the rate of change of mo-

mentum of a body and the forces applied to it. The forces applied to the fluid are

/ 7" - n*dA*
Zr(t)

> [ tave
K 7V

Analyzing the forces in the fluid and applying the Reynolds Transport Theorem and

contact forces

and field forces

Gauss Theorem, we have

op*v*
ot*

+V o VIV =V > o (3.4)
k

We can obtain the equation for the conservation of kinetic energy by multiplying

Eq. (3.4) in non-conservative form by v:

(o)
2

9, (v)?
el Gl

)—l—V-(p*v )IV*'V'T*—i-Zp*V*'f;: (3.5)
k

3.1.4 Energy Conservation

To describe the energy conservation we must analyze the First Law of Thermody-

namics

AU =Q" + W

The rate of change in total energy is equal to the change in work and heat per unit
time.

dt Vf(t)p +Q

in which the change of work per unit time is equal to the change of volumetric and
surface forces, and the change of heat per unit time is equal to the heat flows through
the control surface and the heat generation inside the control volume. Thus

: p U dV* =

V' *‘ *dv* / **'f*dv* / *‘ *dA*
(v 1") + Vc(t);pv " + Zc(t)q n

& Vf (¢ Vf

Therefore, the Total Energy Conservation Equation is

)
PV Y <p*v*U*) V) -V BVt =0  (3.6)
k



in which
1

U* — o* T (k)2
&+ 5 (0)
The internal energy is the difference
1
* U* T (a*%)\2
‘ 5(°)

Therefore, the internal energy equation is obtained by subtracting the Eq.(3.4) from
Eq.(3.5)

op*e*
ot*

+V-p'viet = —p*V v + YV 1 S + V- E*VT* + V> (p*DyVYi h;) (3.7)
k

in which
q* = k'VT* =Y (p"DiVY;)h;
k
V:(v*"S)=v"-V.-S"+Vv':S"

3.1.5 Enthalpy Conservation

Here, we substitute e* = h* — p*/p* in Eq.(3.6) and expand the left hand side to get

op*h* op*
.k *h*
. +V PV =

o TV VP UV S VYT 4V > (" DiVY)hy,
k

Total enthalpy is the sum of the variation of sensitive enthalpy ((h*)T) and enthalpy

of formation ((h})?)

B = SO () + ()] = Y (e +

* 7*0 * (1%
Yihe, = ZYk (hk)o
k
e =3 Y ()"
k
Making the substitutions, we arrive at the enthalpy conservation equation

Op*h* - op*
gt* +Vp VR =V (p*DiVY) (k)T = l—kv*-Vp*—i—VV* ST Q WA VETVTE
k

ot*

10



The term of heat transfer by mass diffusion
V- (0 DvY)(h)t
k

is only relevant when the species present great differences in their molecular masses.

In this work this phenomenon can be disregarded. Finally

dp*h* e x75  OD
o TV V=

FVEVP VYV S VYT 4 QW' (3.8)

3.2 Conservation Equations for the Liquid Phase

The mass conservation in liquid phase is equal the rate of volume because p; is

constant and there is no flow inside the droplet.

. A%

In the gas phase, the enthalpy conservation is described by the following equation

Oph*
ot

+ V- pivh* =V -E'VT* + Q*w*
applying the assumptions for liquid phase in previous equation, we have

Opth*
ot

=V kYT (3.10)

As the temperature is constant and uniform inside the droplet, then we can disregard
the Eq. (3.10).

3.3 Dimensionless Equations

To describe conservation equations independently of the unit system, to eliminate
some variables and do scale analysis, we need to rewrite these equations in dimen-
sionless form. For this, some dependent and independent dimensionless variables are

defined as follows

te = — .Z‘ET—* pEp v = Yo = o* op=-—"=1 =

c ap P Ve Yy Cpoo I3
T = k= pDEp VEH:M/MOO7 QEM h=

% k% pD3 P PPk cpTiLer T5



in which )
* k *
(a0) _ poo * aoo
* €= * UC *
Q%€ Pl ag

In this work, spherical symmetry is considered, so we must solve the problem using

t*

vap —

t

*
C

conservation equations in spherical coordinates. The divergence in spherical coordi-

nate is

1 0 1 0

*\ 2 7 . *
(r*)% or* (7)°F) + r*sint 00* (sinfFy) + rsind 0¢* (Fy)

and gradient is

o . 1or. . 1 o
or* ©r r* 00* o r* sin 6 0¢* ‘e

The droplet combustion symmetry is independent of the variables  and ¢. So

V=

1 0

. * *\2 1%
V-F (T*P&,*((T)Fr)
*_8f*A*

Vi _ar*er

Applying the independent and dependent dimensionless variables in conservation
equations of mass, specie i and energy, and rewriting in spherical coordinates, we

have the dimensionless equations

g +18(2 >_
D’ T o\ )T

ox
dpY; 1 0 1 10 aY; sy
€ -+ 2<x2me> = ax(prDi 398) + SiDa pYp'Y e Q/T

8pT 1 0 2 10 2 orT s s1,—Q/T
6@ -+ 1:281:<x PvT) = x2&x(l’ kax) + LeFQDapYOQYFle /
da?
— =2
dt b
in which
So = ;O* Sp=1 &= DapY2Yse VT
B (a2)? (Y3, (V)" B A
_D — C C C Q — —
¢ ar Vi R*T> P=2

Due to the fact that the Mach number is very small, the viscous dissipation is
disregarded and the pressure gradient is zero. The energy conservation equation

can be written in following form after replacing the dimensionless variables and

12



disregarding the chemical reaction

0 1 0 10 oT
S+ () = 120
Eat(p )+x28x vy 20z \" "oz
Here, ¢, = 1 and € << 1, because the regime is low pressure, so the specific mass of

the gas is less than that of the liquid. The transient term of the equations can be

neglected. The mass conservation equation in dimensionless form, in simplify form,

19 (x%v) =0

Integrating the above equation, we have

is

2pv = A

in which X is the vaporization rate, which doesn’t depend on space, only time

kK
me

= .
Arayk?

To complete the system of conservation equations, we have the gas equation of state
in dimensional form

P = p RIT"
Dividing both side by P

p* P RIT

v PRI

P is constant through the space, so

*

P
pe
Therefore, the gas equation of state in dimensionless form is

1=pT

In this mathematical formulation, transport properties are considered to be functions

of temperature, according to

k=pa=pD;=pv=T"

13



Finally, the system of conservation equations in dimensionless form for gas phase

and liquid phase, respectively, is

2 pv = A\ (3.11)
A0 110/, 0Y .
RAR VA - 12
x20x " Leia:263:< aa$>+SZw (3.12)

No. 10/, o .

SroeT = g (e, )+ LerQ (319
pT = (3.14)
da?

To determine ahead the energy conservation at the droplet surface, from which
another boundary condition is specified, the enthalpy conservation equation is used,

10/, 190/, 0T
- == - 1
22 Oz <x pvh> 2 Ox (x per 81’) (3.16)

3.4 Boundary Conditions

To solve conservation equations we need find boundary conditions. In this problem
are three regions in domain that have many importance to describe the mathematics
of droplet combustion. First, the droplet surface. There is no chemical reaction here
and no oxidant is present. Second, the flame. Here all reagents are consumed and
the temperature is 7. Third, the infinite or ambient. In this region there is oxidant

only and ambient temperature.

Now we go integrate the species conservation equation through the droplet surface,

that is, from a~ to a™, in which a~ is the liquid region and a* is the gas region. For

1=F
at A at 1 1 Y;
/ 0 Yrdr = a<x2pDF8F>dx
a xXr

- 220z a— Lep 22 0x

For a=, Yr =1 and for a*, Yp, = e?0-78/75) in which v = L/R,Tg.

Therefore, the first boundary condition is

[

[ L = A1 - Yiy) (3.17)

Repeating the previous steps for Eq.(3.16)

19, 19, 0T
lﬂw@m@W—Lﬁw@kwwf
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Thus, we have the second boundary condition

T
xzka—

ox

T
AL+ 22, 0L

ot ox

(3.18)

a

in which L is the latent heat of vaporization, defined as
h(a*) —h(a™) =L

and

T
kali

ox

a
is the heat to inside the droplet. Due the fact the droplet temperature is T;, there

is no flux of heat to inside the droplet, therefore the term is equal to zero.

Finally, the boundary conditions are:

e Surface of drop, x = a

The mass flux that leaves the droplet is equal to the mass flux that evaporates

at

and the heat transfer from the ambient atmosphere is employing for the vaporization

and heating the droplet.

= AL (3.20)

e Flame: x = x¢

Temperature equals temperature in flame condition, 7' = T, and all fuel and oxidizer

are consumed, Yp = Yy = 0.

e Ambient atmosphere: x — 0o

Here, Yo=1,Yp=0and T =1

15






4 SHVAB - ZEL’DOVICH FORMULATION

Solving the equations (3.12) and (3.13) is difficult due to the presence of nonlinear
terms. Recognizing that Yz, Yo and system enthalpy are connected through stoi-
chiometry, these terms can be combined stoichiometrically, such that resulting term
is not affected by chemical reactions (DONINI, 2017).Then these equations lead to
two linear equations as a function of Z and H, where Z is the mixing fraction and H

is the enthalpy excess.

Here we assume that combustion occurs at the Burke-Schumann limit. To describe
the combustion problem, we use the Schvab - Zel’dovich formulation, which makes
no distinction between the fuel and oxidant-containing region. Such formulation is
obtained by combining the equations (3.12) and (3.13) (FACHINI, 2006)

4.1 Without soot formation

T 1 T QLer
A0y bl 18(2 21y, >— So ¢ (4.1)
w20z | ° /Leo 20r\" P9 )10 =) o (¢ ’
YF 1/L€F YF —1

Multiplying the second line by Lo and the third by Lg

T T QLer
A0 TenV, 1 0 ( s 0 v > oI )
— — —— | z°pa— ={ - w
% Oz €ofo 2 Oz p or ) ° 0€0
LGFYF YF —LBF

And defining S = SpLep/Ler and @ = Lepw, we have

T Q
229z | LeoYo ‘;czax(x Pags\ Yo )— o
LBFYF YF -1

Multiplying the third line by .S, subtracting the second line and defining the mixture

fraction function such Z = SYr — Yy + 1, we have

0

A0 1o, ,
ﬁ%(SLGFYF — LeoYo) — ﬁ%(m PO‘%(SYF —Yo+1))=0

Due the fact 1 is a constant, we can sum in partial derivative and rewriting in

17



function of Z.

)\ 0

- a (SLeFYF - L60YO)
In the fuel side of the flame, Yo = 0 and Z = SYr + 1.

A0 1 0 0z

g 895<SL6FYF) 2agc(az: pa 8:6) 0
Since SYr = Z — 1. Therefore
A0 1 0 0z
L A —
6F1:28:c< )= :1:2(99(:( p&ﬁx) 0

In oxidant side of the flame, Yr =0, Z = —Yp + 1

A0 10 0Z
Leo— . —(=Yo) — i —(a? paa—x) =0

A 07 ig( oz
22 Ox :1:28:6$pa0:1:

In a generic form, the conservation equation for Z can be written as

Leo—;

LADZ 10 (07
2 0r 220z pe or)
with
L Z >1
Le(Z)={ " 2=
Leo, A Sl

The above equation can be rewritten even in a more generic form as

A0 1 0 0z

A0 L de — ( ) _ 42
2 Oz 2 Oz ve (42)
Now we combining the all three equations of system to determine an equation for
another conserved function, the excess of enthalpy, named as H. Multiplying the

first line of (4.1) by (S+1)/Q

TS +1 TS +1 S+1
Ao (Ly)/Q_la(2a (Y)/Q)_(S)?
2 Ox coto 2 Oz xpaax o N B w

LeFYF YF —1
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And adding the first line with second and third

1
+ LeoYp + LeFYF> ——2 <x2pozax 0

22 Oz

A0 [((S+1)T
22 0z Q

A

Defining H = (S + 1)T/Q + Yr + Yo) and applying in the first derivative, we have

iQ{H Yo(Leo — 1) + Y (L 1}—18(2 8H)—
x2 0x +Yo(Leo = 1) + Yr(Lep — 1) 2or\" Por) T

In the fuel side of the flame, Yo =0 and Yr = (Z +1)/S

NOH A 0 10/, OH
g g Per — /S| = g (#teer) =0

In the oxidant side of the flame, Yr =0 and Yo =1—- 2

ANOH X\ 0 10, OHY
Gt age 2 Leo) — g (#ee) =0
The generic form is
ANOH 1 0/, OH A0 2
ﬂax_m?ax<x po‘az) 20z )y, V=0 (43)

In which
(LGF - ].)/S, Z Z 1

N(Z) =
1—L60, Z§1

4.2 With soot formation

Here we include the chemical kinetics term for the soot formation in system (4.1)

T 1 T Le —Q oot e
iQY —¢1/L 18(9520481/ )— QSF w+ Qot Fw
x2 Ox © / €o 12 Ox P or o o o soot

YF 1/L€F YF —1 —1

Multiplying the second and third equations by Leop and Lep respectively, applying
definitions for S and @, multiplying third line by S and adding second line with third

line, we have

A 1 N
a(SLGFYF - LeoYO) — 72 |:J,’2pOéa(SYF - YO + 1) == _Swsoot

2 Ox 22 Ox ox
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Due the fact 1 is a constant, we can sum in partial derivative and rewriting in
function of Z.

In the fuel region, Yo =0 and SYp =27 — 1

A0 19, , .
LeF?%(Z —-1)— x——(m pa—) = —SWsoot

\NOZ 10, , 07

Ler 5or ~ wos\W P gy) = ~SWson

In the oxidant region, Yp =0 and —Yy =27 — 1

A0 1 0 07 A
Leo=— (7 — 1) — — — (2% pa—) =
O 895( ) x? &v(x pa&E) SWson
AN0Z 10 07z 5
Leo—5—— — ———(a’pa——) = —Su
eoxz %%~ 12 Ba (x*par 8x) SWsoot
In generic form
X0 Z 1 0 9 o0z “
g, bt~ g (700 ) = e )

L Z>1
L€(Z> _ €r, =
Leo, Z < 1
Multiplying second line by Lep and third line by Lep, multiplying first line of system

(4.4) by (S + 1)T/Q, applying definitions for S and &, and adding three equations
of the system, we have

A O (S+1)

101, 0 /(S+1) _

(S + 1)Qsoot
Q

Applying the definition of enthalpy excess, H = (S + 1)T/Q + Yr + Yo

~

Wsoot

+1

A0

[H+YO(L60_1>+YF(L6F—1):|—1a<x2paa]¥> = M
22 0x .

~

Wsoot

+1

In fuel side, Yo =0

A0

22 Oz

H+ Yp(Lep — 1)} - ;28(:132[)048]—[> =
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In which Yr = (Z —-1)/5

0 10/, OH B (S + 1)Qso0t o
72% H+(Z—1>(L€F—1)/S:| —wan<$ paax) = Q +1 Wsoot
A OH A0 1 0 oH (S 4+ 1)Qso0t o
—— 4+ ——(Z(Ler — 1 R )-— 1| Wsoo
x?2 dx 220 (Z(Ler = 1)/S) 20 ( rr Q | Wsoor
In the oxidant side, Yp =0 and Yp =27 — 1
AN OH A0 1 0 oH (S 4+ 1)Qsoot N
— 4 — —7(1 =L ——(z? > = — 1| Wsoo
x26x+x28x ( €0) = 20 ( PY % Q L |Wsoot
In generic form
AN OH 1 0 oH A0 4 Qsoot N
—_— I — Ndz = — S 1 1 500 4.6
22 Oz xzax(xpa8x>+x28x Zs : [ Q (S+1)+ ]w v (46)
Lepr—1 Z>1
N(Z) _ ( er )/Sa -
1-— Leo, Z S 1
The term of chemical kinetics related with the soot formation is
(j}soot - )\sooté(x - msoot) - /\S)(\)Ot )\6(1' - xsoot) - ¢g¢n)\5(l‘ - xsoot)

The value of ¢, = Aso0t/A is expressed in an empirical way, i.e., it is chosen artifi-

cially.

The amount of heat used in the soot generation is also modelled artificially, as

[QSOt (S + 1) + 1] f‘-}soot = —gbq)\(;(l' - xSOOt)
in which 0 é
_ soot rm
gbq:[Q (S+1)+1]S
Then, Egs. (4.5) and (4.6)
A O 1 0 0z
2oz lz Ledz ~ (g, ) = ~OmAw ) 4D

ANOH 1 0/, OH
:L.Q 6$ ZEQ 8:10( paax) 5(;2 0x/ Ndz = _qu/\é( Isoot) (48)
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4.3 Boundary conditions

Since the soot formation term is zero close to the droplet surface because a = = <

Tsoot, the integration of Eq. (4.7) from the liquid phase (a™) to the gas phase (a™)

a9 at 9/, 0Z
)\/m% dx—/m 8x<xpaaz>dx—0

Due the fact that we integrate in fuel side, we have

leads to

VA
Ledz
Zs

zZ
Ledz = Lep(Z — Z)

Zs
and (7 — Zs) 07
—Zs) 0z
Lepiax = L€F o
Therefore T + g 97
—_— J— _— 2 — =
Ler) a- 8xdx /¢r Ox (SC pa(%)dm‘ 0
a+ (l+
Lep Z} — :UQpaa—Z =0
a Ox J o~
07 0z
+y (2, 94N [ o 0L _
LepA[Z(a™) — Z(a™)] (LU paax>a+ (m paam)a 0
Since
_ n , 07
Za)=S+41 Za")=SYprs+1 (mpaax>20

then, the boundary condition for Z at the droplet surface is

0z
<x2paam>a+ = LepSA(Yps — 1)

oz
pum— 2 —
Fy; = (:c pa x>a+ (4.9)

To find the second boundary condition, we can combine the Egs. (3.19) and (3.20).

Rewriting these equations

(xzpaaaa: {}2} )a+ N {LeF)\(/;/is - 1)}

Multiplying the first line by (S + 1)/@Q and adding the second line, we have

<x2pa§; (<5+Ql)T N YF)>G+ _ )\L(Sg Y LerA(Ype— 1)
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In the fuel phase, Yo = 0, that is, H = (S + 1)T/Q + Yr

(xzpaaH) = AL
0x /) o+

Fy = (:EonzaH>
ox /) o+

Therefore, the boundary conditions of gas phase is

(S+1)

+ Lep)\(Yps — 1)

e at the surface of droplet: x = a

H:(S—zyrs—l-YFs Z =8Yps+1
Fy; = (prOz@Z) Fy = (xzpaaH>
ox / o+ ox ) o+

e at the flame position: v =4, Yr =Yo =T - Ty =0

H =

4.4 First analytical integration

(4.10)

Here we give the first steps to solve the equations in gaseous phase. Looking at

the equations (4.7) and (4.8) we realized that is possible to perform a analytical

integration. To generalize the problem, we will consider the integration in the interval

between the surface of the droplet and the arbitrary position x of the domain. The

Eq.(4.7) is

A0 2 1 0

— Ledz — —— <x2pa) = =P (T — Tso0r)

ox

22 0x Jz, 2 0x

Multiplying both sides by 2?/\ and integrating in the proposed domain

z N S AP VAN T2
/S LedzL -3 Km paax)]a = —<]§m/a T70(X — Tspot)dx
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Since

s a Zs s Zs
and | zN1T 1 Y
AK”O‘ax)L A(“O‘ag)x bz
then
07 A Fy @
L 2z m/ ~ oz, 411
o oo edz + 3 + ¢ ’ °0(x — t)dx] (4.11)

Performing the same steps for Eq. (4.8)

ANOH 1 0/, OH B
22 0z x28x<x pa(’?&:) 22 0z / Ndz = =¢qA6(z = Zso0t)

we have
H — H, —i\x pagﬂ—l— FH+/ Ndz——gbq/x 3z — Tspor)dx
Therefore
o A

1 z -
or ~ pa [H — H,+ 5 Fi + /Z Ndz+ ¢, [ a*(c - a:soot)dx} (4.12)

For the case that Ler = Leg = 1 we can make some simplifications in the equations

above. These simplifications are

" Leds = / Lepd> +/ Leod> = Lep(1 — 7)) + Leo(Z — 1) = Z — 7,

Zs
1
~Fy;=S5Yps — 1)
A
z 1 _ z 11— z
Ndz:/ Ler 1dz+/ (1—Leo)dz:/ 1dz—|—/ (1—-1)dz=
Zs .S 1 z, S 1
Fy (S+1)
=L Yps — 1
)\ Q +< Fs )
Rewriting the Eqgs. (4.11) and (4.12)
07 A @
5 = oo Z—Zs—S(1—Yrs) + gbm/a 225(z — xsoot)dm] (4.13)
OH A (S+1) z
—_ = H—HS L Y5—1 / 2 - 4soo 414
O a:%oz[ + + (Yr ) + & v oz —x t)d*f] (4.14)
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4.5 Second Analytical Integration

Here we assume that transports coefficients are constants, that is, pa = T° = 1.
Furthermore, we assume news variables of the problem: § = \/a and X = z/a.

Rewriting (4.13) and (4.14)

0z A Z o

% = P </Zb Ledz + Fz + L€F¢mH(ZE - xsoot)) (415)
OH ) z -
=3 (H — H,+ Fy + /Z Ndz + Lepg H(z — xsoot)) (4.16)

in which ng - ¢ma2X5200t7 ngQsoot¢ma2Xs200t = Qsootﬁgma with Koot = xsoot/a‘ The
function H is step function defined as

07 a§x<xsoot

H(l’ - :Csoot) = {

17 xsoot§$<oo

To integrate (4.15) and (4.16), the integrating factor for ordinary differential equa-

tions was used. First of all, we writing an equation for one os these intervals

L4 1§X<Xsoot7
L4 Xsoot§X<Xf7

.Xf§X<OO.

For each interval, the values of constants of our interest equations change. Therefore,

(4.15) is write in general form for each interval, and have this shape

07  Lep
in which
AZ1:S+]-7 a < T < Tgoot
Az =3 Az =(5— qgm) +1, Tsoot < T < Ty (4.18)

Azg = (LBF/LGO)(S — ng) + 1, Xy S i S o0
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The same is done for (4.16), that is

OH  j
ax—)(Q(H—AH—f-NZ) (4.19)
in which
A = [(S+1)/QJ(0s — L) + Lep + Np, a < < Tsoor
Ay =1 Am=Am — LeF(gq; Tsoot < T < Xy (4.20)

Apg = Aps + No — Np, Ty <x <00

Applying integrating factor in (4.17), we have the general analytical solution for

function
7 = Ay + Bge M, (4.21)
in which
BZl BZ2 - ngeLeF/B/XSDOt7 1 S X < Xsoot
BZZ = AZ2€L6F/B/Xf - AZ3€(L6F_LGO)5/Xf7 Xsoot S X S Xf (422)
Bys —Azs, X< X <o0
and
Le ~
AZQ - Az3 - AZQ - (LF - 1) (S - ¢m) (423)
€o

Doing the same for (4.19), we have the general solution

H = (Ay+Bye /%)= Ne P/ l Ag (1% — oPIXTY 4 BZ) (e0-20/x _ 6(1Le)ﬁ/Xz)]

(1—Le
(4.24)
and
Agzs 1/Leo 1 Ays (1-Leo)/Leo
Bys = (H(0)—A NoA 1— - 1=
3 = (H(00)—Amnsz)+NoAzs {[ <A23 — 1) (1= Leo) (Azs —~ 1) 7
(4.25)
A -1 —1/Leo
Brs = Bps + (Apgs — Amo) ( ZA?) ) +
73
—1/Le —(1—Ler)/Le
Ny lAZQ ((Azs - 1> Wheo 6ﬂ/xsoot> LBz <<A23 — 1) (-ter)/beo 6(1—Lep),8/X500t>]
Azs (1 — Lep) Ays
(4.26)

By = Bus + (Aps — AH1)€ﬁ/XS"°t+
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Bz

N A ﬁ/Xsoot — ﬁ
FlZl(e €>+(1—L6F)

(e(l—LeF)ﬁ/Xsoot . e(l—LeF)ﬂ)] . (427)

Applying (4.21) in X = X/, that is, in droplet surface, we have the following relation
between 3 and X

5 - 1 1/Leo
X; 8 (1 " (Ler/Leo) (s — ém)> ' (1:28)

From above equation, the following condition must be satisfied S > ¢,, = S >

a’¢pm X2 ;- Applying (4.23) in X = Xy, it’s possible to find an equation for flame

temperature, in which don’t depends of anyone of these parameters: 3, Yps; and X;

0 =

Q [Am + H(00)(Azs — 1)] _ (4.29)

(S+1) Ags

To find an equation for mass fraction in droplet surface, is necessary apply (7?7 in

X =1, therefore
Az + Bpieterf -1

S

In this way, we have all parameters to determine the droplet and soot behaviours.

Vi (4.30)

Although, we have three equations. Applying (4.23) in X = 1, it’s possible to find

an equation for § that don’t depends of another parameters, that is

-1
o4 :ln{[BiH <(S —Z)l)L —Lep — Np+1+ Bgle_LeFﬂ)] } (4.31)

Finding values of  using Newton-Raphson Method, it is possible to find Yz, and
X, due to dependence of 3 in each expressions that describes mass fraction at the
droplet surface and flame position. In Fig. (4.1) is possible to see that variation
of 5 depends of amount of soot formation. From Fig(4.2), the flame temperature
decreases with increase of soot amount in domain. This is show us that more soot
formation needs more heat, and this heat is provided by flame. If more heat go to
soot formation, less heat reaches the droplet, that is, less heat is used to evaporate

the droplet. This makes the vaporization rates decreases too, which is shown in
Fig.(4.1).

If droplet vaporization there is a reduction in your values, then less fuel in gaseous
phase is produced. Thus, with more soot is formed, the flame moves closer to the
droplet, as show in Fig.(4.4), because chemical reaction begins in stoichiometric

ratio.
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As [ is decreasing due the fact of soot influence, then the values of mass fraction of
gaseous fuel in droplet surface decreases too. This effect is produced by reduction of
mass of fuel in atmosphere. Is important to note that the values of each parameters
are reduced with the movement of soot. If soot mass is more closer of droplet, the
values of parameters decreases more fast than soot further of droplet. With larger
distances, that is, in positions more closer of flame, the gradient of temperature de-
creases more fast between soot and droplet, and this makes the reduction of heat that
reaches droplet. As it approaches of droplet, the gradient of temperature decreases

more slowly, and the variation of values of temperature is not very drastic.

Figure 4.1 - The vaporisation constant . determined as a function of the amount of soot
¢m for some values of the position of the soot formation region Xgo0r =
1.5, 2.0, 3.0, 4.0, 5. The other parameters of the problems are S = 9.54,
Ler = 1.88, Lep = 1.07, which corresponds to the n-heptane. The heat
necessary to form soot is considered Qsoot = 0.4.
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SOURCE: Author

28



Lep =

Figure 4.2 - The flame temperature T. determined as a function of the amount of soot
¢m for some values of the position of the soot formation region X, =
1.5, 2.0, 3.0, 4.0, 5. The other parameters of the problems are S = 9.54,
1.88, Lep =

1.07, which corresponds to the n-heptane. The heat
necessary to form soot is considered Qsp0r = 0.4.
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Figure 4.3 - The mass fraction in droplet surface Yrs. determined as a function of the
amount of soot ¢,, for some values of the position of the soot formation
region X0t = 1.5, 2.0, 3.0, 4.0, 5. The other parameters of the problems
are S = 9.54, Ler = 1.88, Lep = 1.07, which corresponds to the n-heptane.
The heat necessary to form soot is considered Qsoot = 0.4.
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Figure 4.4 - The flame position X;. determined as a function of the amount of soot
¢m for some values of the position of the soot formation region X, =
1.5, 2.0, 3.0, 4.0, 5. The other parameters of the problems are S = 9.54,
Ler = 1.88, Lep = 1.07, which corresponds to the n-heptane. The heat nec-
essary to form soot is considered Qso0r = 0.4.
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5 CONCLUSIONS

Even though the project is not finalized, it was possible to obtain important results
from which the understanding of the phenomena of droplet combustion is achieved
and fundamental concepts are well settled leading to a rigorous solution of the
droplet combustion problem. The analysis of the scales permits the understanding
of the time and length that characterize the problem, in addition to justifying the
simplification of the conservation equations according to the conditions imposed.
Soot formation is described using a simplified mathematical model. The symmetry
of the problem is spherical, so it was necessary to adopt spherical coordinates to
rewrite the equations, which have radial, polar and azimuth coordinates. Due to
the symmetry of the polar and azimuth coordinates, these were disregarded, leav-
ing only the radial coordinate, that is, a one-dimensional problem. The study of
conservation equations established the necessary mathematical basis to describe the
combustion of an isolated droplet. The nondimensionalization proceedure allowed
the conservation equations to be simplified according to the physics of the prob-
lem. Due to the fact that the Mach number is much less than the unit, the viscous
dissipation and pressure gradient have been disregarded from the energy conserva-
tion equation. As the ratio of gas density to liquid density, €, is much smaller than
one, time derivatives could be disregarded, which reduced the problem of solving
ordinary differential equations. The equations that describe the liquid phase, or the
fuel, have been simplified by adopting that the internal speed in the drop is zero and
that the pressure is constant. The droplet temperature is the boiling temperature,
which eliminated the need to take heating time into account. The Shvab-Zel’dovich
formulation employed in this work enabled the combination of the three equations
that describe the problem and the elimination of the chemical reaction term, which
is strong non-linear and raises the difficulty of solving. With that, it was possible to
reduce the number of differential equations and system variables. Furthermore, the
Shvab-Zeldovich formulation does not distinguish between the fuel-containing region
and the oxidant-containing region. The system of differential equations allowed an
analytical integration, which was performed in this work. For this, it was necessary
to find the boundary conditions on the surface of the droplet. At the end of the first
stage, it was possible to determine the characteristic scales, deduce the conservation
equations, model the combustion of an isolated droplet with soot formation and con-
solidate the theoretical basis. With system of equations, was possible to analyze the
behaviour of droplet combustion and the influence of soot formation in all process.
It was possible to note too that mass and position of soot yields a variation of values

of each parameter of combustion, and how this process is linked. In mathematical
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formulation of this simplified case, was possible to reaches a restriction of soot for-
mation. Is important make sure that some values of ¢,, in interval do not produces
physical results, and, to do a physical analysis and approach the real world values for
flame temperature, the non-physical value were ignored. With that it was possible
to understand the droplet combustion behavior under soot formation conditions and
influence. The next step is to compare the results with the bibliography and publish

the work in a journal in the area.
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