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ABSTRACT

A-generalization of the one-dimensional frustrated quantum XY model is-considered in
which. the inter atid intra-chain coupling constants of the two infinite XY (planar rotor)
chains have different strengths. The model can describe ihe superconductor-insulator

transition due to.charging effects in a ladder of Josephson junctions ina magnetic .me.

with half a flux quantom per plaquette. From a fluctuation-effective actjon, this transition
is.expected to be i Lhe universality class of the two-dimensional classical XY-Ising model.
"The critical behaviour is studied using.a Monte Carlo transfer matrix -applied to the

path-integral représentation of the iodel and a finite-size-scaling analysis of data.on

small systen sizes. It is found that, wilike the v:w.c_..o:w..m:__.. d case of equal inter and
intra-chain conpling ¢onstants, the XY and Ising-like excitations of the quantum model
decouple for large interchain coupling, giving rise to pure Ising model eritical behaviour

for the chirality order parameter in good agreement with the results for the XY-Ising
model.
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The one-diménsicnal frustrated gquantum XY model {(n _...CZ;D biag beei

introduced as 4 model *._..u.q..ﬁ..:m.%w:m.l_m_qmr_m eflects in & lulder of Jusepls:

© son junctions in' & maguetic field torresponding to hall a flux quantun per

unit cell [1). These charging effects arise from the simall capacitance of the
grains making up the ladder and leads to sirong anantivn et uations.of the
phasc.of the superconducting order patameter. As a result-of 1his competition
betweer The charging energy and the Josephsan canipling between the-super

conducling, grans, Ehe one dimensiogal v ounderp

tal

ot Ly
insulator transition at zero temperature ._..c_..”.n_mm_.m.q._mm:m capacilance {2, 3 4]

The universality class'of this transition is currently a problen of great-inter:

est mmmnww:w in relation to experiments. on two-dimerisional superconductiug
films and Josephson-junction arrays {2, 3,5, 6, 7). For a chain of Josepli.

son ...?_._o:gm. this critical behavior lias _u.o,n:..aazz.mcm E”:.r Lhat of 1 e i._._..

knowh classical two-dimeusional XY model [§]. However, while for Uhe cas

of two coupled chains forming a. ladder, in the absence of 4 magoetic fiedd.

‘this eritical behavier can be shown to remain unchanged, in-ihe presenee

. “
of a magnetic field the beliavior is-mere complicated{L 9. Tn particuliar.

}

we study here, the-critical behavior is expected to be describid by the 2D

half flux.quantum per plagnetic, corresponding to the 11 FOXY model | |

classical x%-mwm:m..ﬁ.omn_ {1,11]. "The existence of both XY and lsinglike
excitations in this case result from the [tustration induced by ‘the Em.mz‘.;.r.,

field and.are associated with the ¢ontinuous /(1) symmetry of the pliases




of the superconducting order parameter and hie. plaguette chiralities which

neasures the direction of circulating currents in the-Josephison:junction lad--

._QH,.
The 11> FQXY mode! i defined by the Hamiltonian' [}

=-55 (5 bin -0 (1

r

and congists of & one-dimensional chain of frustrated plaquettes as indicated:

m Fig. [ The first ternt in Eq. (1) describes quantum fuctuations induced
by the charging energy E. = 4e*/C of a non-neutral superconducting grain

localed al site v, where e js the electronic charge and 7 is Lhe offective

capacitance: of the grain. ‘The second term is the usual Josephson-junction

coupling hetiween a._nw..wm:__.mmmr_uo_.. grains. &, represénts the v:mm.n. of the

superconducting order parameter and the couplings E,:» satisfy the Villain’s

‘odd rule’ in which the number of negalive bonds in an €lementary cell is:

odd [12]. This rule is-a direct consequence of the corstraint that, for the half
flux-case, the line integral of the vector potential due to the applied magnetic
field should be equal to'xin units of the flux quianitumt [13]. In the classical
limit {E. = 0), the ground state of Eq; (1) has a discrete Z, symmetry
associated with an-antiferromagnetic pattern of plaquette chiralities x, = 41
ineasuring the two opposite directions of the super-current circulating in each
plaquette, In a previous work’ (1], a particular case of the 1D FQXY model,
e, £y, = E. has been studied in some detail.and it has been found that

in fact its critical behavioris corisistent with the results for the 2D classical

5

'XY-Ising model [11]. From .:_..c.n.z:ﬁ.m_...f.css_& a85047

atod 1o the ehiraliny

order parameter the critical behavior has. been identified as the one along

-the line of single transitions where both phase coherence.and chiral oider ari:

iost simultaneously. However, the XY-Ising madel has in addition to thi
‘transition line, two other branches corresponding to scparate XY dind lHing,
critical behavior which join the line of single transition at a bifurcation picind

Manm?m.we.moan place in thie phase diagrami. The 11 FQXY model sti

previously corresponds {o a particilar path through this phase diagran:
orie located in the _.mmmo;...owmwzm_a transitions,

Tor Chis

work we ﬁ,:__.,m:_._."_ a grneralized version of | u- il _C/J sande] 1y
which: the inter (E:) and intra-chain {£,) couplings constants have diffirent
strengths. In terms of a Auctuation-effective action which is obtained from

an imaginary-time path integral reépresenitation of Eq. (1), the ratic hetwee

the couplings constanits £;/E, can be used to tune the system through the
bifurcation point in the x.*nmm._..:m. model [L]. In particular, for £, >» £, the

1D FQXY model is expected to have two separate transilions. In this work

we find that jn .“.mn._. for E /B, ~ 2 the single transition: fuind Previdusy
does. decouple into two separated transitions: Using a Monte Curlo transler
matrix technique [15] applied to :ﬁ.mm._..r..mEmmqm._..ﬁuqamﬁ:mﬁmo: of the model
we study the critical behavior of the nrmwm_:m..o&nﬁwmﬂwﬂ.ﬂw_, at a particular
value of this ratio, .mu.\.m.«. = 3. 'We find, from a m::m-mmnn.»..__.m_.w:m.w:m_wix

of ‘extensive caleulations on small gysterh sizes, ‘thai the critical exponents

*?




are consistent with pure Tsing miodel critical béhavior-as expected from the
results for the ”x.wﬁmim model,

To study the critical behavior.of 1hée 1D FQXY model; we find it conve-
nient to use wn..::mnm:mﬂrzan path-integral formulation of the model [14),
Iov this _.o:_.:;.m.:aP the .o:m-&n,_n.:mmonm_.a.zwn_.c:y. problern maps into a 2D
classical statistical mechanics problem where the mﬂ..o__am.ﬁmﬁm...msmwmm of the
quantum model of finite size I corresponds to the reduced free encrgy per
unil lenglh of the classical model defined on an infinite strip of width &
wlong the inaginary time direction; where the time axig 7 iy diseret tzeed in
slices Ar. After scaling the time slices appropriately in order to get a space-
tinie isotropic model, the resulting classical partition function is given by

Z = tre~" where the reduced classical Hamiltonian is defined as

H = I.P.M,\. [ cos(Br; =8 5u1)+ cos(B, — 0,4, )
i o .
= nom.ﬁﬂ.ﬂm - ﬁ._.a_.u...v_.u + nomﬁﬁ.ﬁ.u = Pri1y)
+E cos(f:; ~ ) | (2

In the above equation, 6 and ¢ dénote the phaseson the left and right calumns
in Fig. I,yand a = (EJE? plays the role of an inverse ternperature jn the
2D classical model.

One can now carry out a detailed study of the scaling behavisr of the
‘energy gap for kink excitations (chiral domain walls) of the 1D F QXY model
by noting that this corresponds to the interface free energgy of an infinite strip

in the model of Eq. (2). For large o (small charging energy E.), thereis a gdp-

5

Tt

for creation of Kinks ini the antiferromagnetic pattern of 'y, -and the ground:

state has long-range chiral order. At some eritical valne of v, chiral order

is-destroyed by kink excitations, wilh an CNOrgy gap vanis

jg s fa - a v
which defines the correlation length exponenic v. Right at this eritical ponil.

the correlation function decays as a power law < y (0 3= |-

a critical exponent . However 16 proceed further, ong: has 16 be able to
calculate the free emergy per vnit length flo) of the Namiliodian on (he

1n finite strip, which is nsually ohitained from the litegest elgenvalne 1, of (I

Lransler walrix between difleient Ui slices as Jo- e Hers the ngagon
difficulty in performing this type of caleulation comes from the continuoms

ammﬁmmm of freedom of the model which prevents an éxact diaganalizalion ol

‘the transfer matrix. This can be overcomé by using-a Monte Carlo _.._,E.H_,.mw,.“...

ratrix method [15] which has been shown to lead (o-aceurate estimates af Uhe
largest eigenvalue even for this type of problems, Here we just summarize-the
main steps. The method is a.stochastic implementation of the well-known.

power method to obtain. tlie deminarit. eigerivalue of & matris. First helical

boundary conditions are implemented, in ordet to got a sparse matrix,

a-sequency of random walkers .~...~._., 1 <t <7, reptescnling the contigutations.
of'a column with L spins in the infinite strip isinlrogdiced :.m:_...,.o.:,.,.%.c..:gw__m.
weights @;. The number of walkers r is maintained within a. few percent of
a target vilue r, by adjusting the weights properly. A matrix miiltiplication

can: be regarded as a iransition process with a probability density defined




from the elements of the transfer matrix. In the procedure, a Monte Carlo
(MC) step consistsof a complete sweep over all random’ walkers and after
a large rinnber of MC steps an estiniate of the largest eigenvalue can be
obtained from the ratio between the total weights 37, i, of two successive
MC steps. The implementation and somie .&...Em.&._‘.mm:_:mm of the method
are similar 1o the case of the two-dimensional ._.E.aﬁﬁ.nm classical XY model
[16] and the reader should refer to that work for further details. For the
raleulations disenssed in this work, typically 7, = 20000 randoti wilkers-and
S0U00 M steps were used which correspond to 1.5.% 10 atlempts per (8 ¢)
pair.

The interfacial cnergy for domain walls in the model of Eq. Amu can
be ubtained from the differences between the free mumwmm.mm for the ‘infinite
strip with and without a wall. However, because of the antiferrémagnetic
pattern of the chiralities ..xﬁuu. %1, only strips. with an odd number. of sites
L-will have a domain wall. Since one is requited to obtain the free energy
diflcrences at the same vatue of L, we need. to resort to an. wzpmqmo_wﬁmos
scheme for m:nnewm?m.oma or everr L-to determine the.interfacial free energy.
Results for: the interfacial free energy, defined as D.ﬁa,._hw..u LEAf(n, LY,
near the transition point ay; for 6 < I < 14, are indicated in Fig. 2 for
a particular value of the ratio E;/E, = 8. As in the previous wark: [1]; to
obtain the critical exponents and critical temperature we now employ. the

finite-size scaling

AF{a, L) = A( .._.._?..mb.”_ 0

‘where A is a scaling function and 6 = a ~.q,. In a linear apjiroxinmtion for

the argument of 4, we have
AF{o, L) = a3+ 4L 80 (1)

which can be used to delermine the critical coupling. v, and tlie exponeii

nidepeidently. The change Trom.an inereastip tend with Tt o dedre,

trend provides and estimate of a.; which from Fig. 2 gives a. = 1.16( 1,

Oricé the-critical coupling is known, the correlation function exponent 1,

obtained from the universal amplitude a in Bq. (4) Ihrough a tesult from
conformal invariance (17}, @ = my, from which we estimate y = 02412},
To éstimate the-correlation length exponent v we first.obtitn the derivilive
§:= BAF/0a near a,, then if can easily be seeing that a log-log plot of &
vs L gives an mm_..:.:mpm of 1/v without requiring a précise deternination of

@.. OF course; this is only valid for Lhe linear approximation of L. |

Assuniing. the data is in fact in this regime we obtain Uhe resull for 8 as
indicated in Fig. 3 and get the estimale v = LU5{6). The resiilts for e
critical exponents v and g are good agreement with pure 2D Ising valuos
v =1 and 7 = 0.25 indicating pure Ising liehavior. Moreover, this iniplies
from the relation between the 10.FQXY model and the 2D classical XY-Ising*

[11] that the XY and Ising-like excitations have decoupled in this region,

o




To show that, ini-fact one has two decoupled and-at the time separated

transitions we now consider the results for the helicity modulis which mea-

sures the response of the system to an imposed phase twist, In the incohererit-

phase this quantity should vanishes while it should be finite’in the colerent

phase: The helivity modulus is related to. the Iréeseiicrgy differences AF.

between strips with-and without and additional phase fiismateh of x along

the strip and is given by v = 2AF/5? for large system sizes. If the model
is- deconpled then the coherent to incoherent (or superconductor-insulator)
transition shoibd bein the universality class of the .N: Xy msdel, whiere ane
knows that the tramsition is associated with a universal jump of 27 in the
helicity modulus (18]. Finite-size effects: smooth qut- this behavior as. indi-
cated in Fig 4 but the critical cou plitg can be estimated as thie value of o &t
which'AF = ». This eriteria leads to the estimate o, = 1.20 which is to be
compatred’ with the-critical coupling for the destruction of chital order foiind
above, o, = 1.16, This clearly indicates the transitions are well separated and
thus one expects they are decoupled. In contrast, {or the éasc of equal inter
and .:;H,.m.hrmm: coupling ¢onstants studied previously these ‘cslimates- were
found ta he in fact consistent with each other {1]. We have also performed
less detailed calculdtions at other valies of the ratig huxmw from. which we
can estimate that the Ising and XY transition merge into a single transition
roughly at E./E, ~2. Since, the superconductor to insulator transition is

to be identified with. the loss ‘of phase coherence [8) we reach the interesting

result- that in the 1D FQXY, or alternatiy

v, a-Josephson-junction ladder.

ﬁ.v.m ::Em_.m.mw:w cliss of the mcun_.nou.a._.._ﬁol:m:_m::, p._,...._.“.u._..:._.o: vpiends on

the ratio between inter-and intra-chain ‘conplings.

In . conclusion, we ‘have studied a generalized version of the one.

Eagmmon.& ?zﬂ@%a.nzuz?:z VS model ‘which congisted in allowing for

different strengths for the inger and. intra-chain conplings constants. “The

model can he physically realized as a one-dimensional array of Josephson

.,..:..:._n_.mo_._m..wz. the form of a ladder and in ::., presence of abe oxtiorngl nrg el e

lield correspunding o a b

Fiux. goantum per plagitette. L s fonbud that,

untike the previous studied case of equal inter andd. i

Aschain couplings,
the XY and Tsing-like excitations decouple giving rise 16 pure Ising beliav.

for for chirality order parameter and a superconduetor-insulalor (rans;

in vniversalily class of thé XY redel. Since these arcays can éucrently. ho-

fabricated in any desired geometry and with well-controlled paraméters it is

hoped- that  these results will serve to motivate experimentsin Ihese systens

Pnr.:oEEmmEm_;m
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