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ABSTRACT

In the present work, the stability of a viscoelastic fluid flow is studied by linear stability theory, and some results are verified by direct
numerical simulation. The investigation considers the fluid flow between two parallel plates, modeled by the Giesekus constitutive equation.
The results show the influence of the anisotropic tensorial correction parameter o on this model, showing a stabilizing influence for two-
dimensional disturbances for small values of «g. However, as o increases, a reduction in the critical Reynolds number values is observed,
possibly hastening the transition to turbulence. Low values for o for three-dimensional disturbances cause more significant variations for
the critical Reynolds number. This variation decreases as the value of this parameter increases. The results also show that low values of o
increase the instability of three-dimensional disturbances and confirm that Squire’s theorem is not valid for this model. As for the two-
dimensional disturbances, the anisotropic term on the Giesekus model lowers the critical Reynolds number for higher quantities of polymer

viscosity in the mixture and high values for the Weissenberg number.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0125989

I. INTRODUCTION

Polymers are increasingly replacing other materials. Therefore,
products that use polymers should have satisfactory mechanical perfor-
mance for a given application. In this sense, with the development of
computer technology, there is a great interest in working with numerical
simulations of these industrial applications and developing efficient
numerical methods to simulate viscoelastic fluid flows. This requires a
smaller financial investment compared to experiments in laboratories.
These materials exhibit viscous and elastic properties simultaneously.
They present complex molecules and high molar mass (long and struc-
tured molecules). Therefore, the classical Navier-Stokes equations can-
not describe the flow dynamics of this type of material, and additional
constitutive equations are required for the stress field, resulting in addi-
tional unknowns.

Maxwell’s model"” was one of the first attempts to describe the
effect of the viscoelasticity of a given fluid. This model incorporates
the idea of a fluid that exhibits characteristics of a Hookean elastic
solid and Newtonian viscous fluid. The Oldroyd-B model’ ™ derives

from the kinetic theory for concentrated and molten polymer solu-
tions.” The polymer chain is represented by a set of two spheres linked
by a spring. In this configuration, the spheres represent the system’s
center of mass. They are related to the hydrodynamic interaction
between the solvent and the polymeric solution’s macromolecules (the
solvent’s viscous drag force on the molecules). The springs represent
the elasticity effect of the macromolecules or the restorative effect of
the polymer. This ball/spring configuration called “dumbbell” is sim-
plified by assuming a linear spring or Hooke spring behavior. The
Oldroyd-B model can represent certain fluids with ideal elasticity, also
known as “Boger” fluids.

The rheological model called the Giesekus model’  is also based
on molecular considerations with ball/spring systems where the spring
follows Hooke’s law. For the Giesekus model, a non-isotropy effect
was introduced in defining the drag force on the spheres. This model
results in equations with the form analogous to the UCM and
Oldroyd-B models but containing nonlinear terms given by the prod-
ucts between the stress tensor components.
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For any fluid flow, the transition to turbulence can be generalized
as the result of the amplification of disturbances that may be present.
The mathematical explanation for the occurrence of instabilities in
Newtonian flows is a direct consequence of the nonlinear convective
term in the momentum equation. However, in viscoelastic flows, the
nonlinearities emerge through convection terms in the momentum
equation and in the extra-stress tensor equation. Draad et al.'’
reported a transition delay for viscoelastic fluid flows; the onset was
postponed to a higher Reynolds number than Newtonian fluid flows.
In another study, Ram and Tamir'' observed that turbulence sets in at
a Reynolds number smaller than in the Newtonian case, a phenome-
non called “early turbulence.” It has recently been demonstrated that
at a large Weissenberg number, the anisotropic elastic stresses destabi-
lize flows with curved streamlines even in the absence of inertia, result-
ing in so-called “purely elastic linear instabilities.”'” It is clear that the
instability for viscoelastic fluid flows is not only inertial since it may
exist at a zero Reynolds number."”

Several purely elastic instabilities have been reported in recent
years corresponding to experimental or theoretical work using linear
stability analysis."* ' In most works on this type of analysis in visco-
elastic flows, the UCM and Oldroyd-B constitutive models have been
employed. The constitutive model choice directly affects the stability
analysis results. For example, the Oldroyd-B model shows more stabi-
lization than the UCM model in a parallel flow when the solvent vis-
cosity is taken into account.”’ Therefore, several works in the literature
perform the stability analysis for other types of viscoelastic models,
geometries, and fluid flow types.”' *° Even today, studies in parallel
flows have not been widely developed, and some questions still need
to be answered, especially in viscoelastic fluid stability. Furlan et al.”’
presented theoretical results regarding the influence of the molecular
composition of viscoelastic fluids and its relation to the stability of
these fluids. Viscoelastic models with anisotropic terms, such as
Giesekus, LPTT, and FENE-type models, do not satisfy Squire’s theo-
rem.”” Therefore, three-dimensional disturbances may have a stronger
destabilizing effect than two-dimensional ones.

This work presents numerical results for the stability analysis of
2D and 3D disturbances in viscoelastic fluid flows between two parallel
plates. The Giesekus constitutive equation is used to model the fluid.
Linear stability theory (LST) has been used to analyze the stability of
an incompressible parallel flow of a viscoelastic fluid. The stability
problem is solved using a system of linearized equations, rewriting in
an eigenvalue problem solved through the matrix method. Different
viscoelastic fluid characteristics are considered, such as the fraction of
polymer viscosity in the mixture, the mobility parameter that regulates
the fluid’s shear thinning behavior and different values of the
Weissenberg number (ratio of elastic and viscous forces). The adopted
baseflow is 2D, although the stability of 2D and 3D disturbances are
analyzed, assuming periodicity in the spanwise direction. The fact that
Squire’s theorem is not valid is observed through the LST analyses,
and direct numerical simulation (DNS) results double-check some
results.”

Previous investigations on the stability of non-Newtonian flows
based on the Giesekus model indicate the need to investigate flow
instability to three-dimensional disturbances due to anisot-
ropy.””””*>*" In the present work, the effects of the mobility parame-
ter o on the stability of the planar Poiseuille flow are investigated and
how these effects change when the other parameters (Wi, f5, and
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spanwise wavelength y) change. The results will show that three-
dimensional disturbances can be more unstable than two-dimensional,
as previously suspected but not quantified.

This work is organized as follows: Sec. II presents the governing
equations, the linear stability equations, and the solution method.
Section IIT shows the results obtained for the linear stability analysis
for two- and three-dimensional disturbances. The main conclusions
are presented in Sec. TV.

Il. MATHEMATICAL FORMULATION

Incompressible and isothermal flows in dimensionless form for
viscoelastic fluids can be governed by the mass conservation equation

V-u=0, (1)
and by the momentum equation

Ou

E—O—V-(uu) = —VpI-i—Rﬁe
where p is the pressure, u is the velocity field, ¢ is the time, and
B = n,/n, is the coefficient that controls the solvent viscosity contri-
bution (19 = 1, + 1,), where 17, and 7,, are the solvent and the poly-
mer viscosity, respectively. Re = (pUL) /1, is the Reynolds number, p
is the fluid density, L is the length scale (for the channel flow is the
channel half-width in the y direction), U is the velocity scale, and T is
the symmetric non-Newtonian extra-stress tensor. The velocity U= 1
is adopted for the non-dimensionalization. The same flow rate for the
Newtonian flow (ﬁl udy = 4/3) is adopted in the baseflow solution.”"
The viscoelastic constitutive equation for the Giesekus model” is given
by

Viu+V-T, 2

.[oT T oGgReWi
T+W1<E+V~(uT)—Vu-T—T-Vu)-‘r(l_ﬁ)(T-T)
_,0=h
=2 B D, (3)

where D = (1/2)(Vu + (Vu)") is the rate of deformation tensor,
Wi = AU/L is the Weissenberg number, and 1 is the relaxation time
of the fluid. The o represents the mobility parameter that regulates
the fluid’s shear thinning behavior and the amplitude of anisotropy,
with o = 1 denoting maximum anisotropy and o = 0 denoting the
original isotropic relaxation in the UCM model.”” The terms with o
can be associated with the anisotropic hydrodynamic drag on the con-
stituent polymer molecules.”

Figure 1 illustrates the computational domain. The 2D-baseflow
adopted is a fully developed flow, and it is obtained by a semi-
analytical solution.”’ The baseflow solution is obtained for each com-
bination of fluid and flow parameters. The main flow direction is in
the x direction, the flow is confined between two parallel plates placed
in fixed y positions, and periodicity is adopted in the spanwise direc-
tion z.

A. Linear stability theory

It is assumed that the instantaneous flow can be decomposed
into laminar and disturbance components. Adopting u, v, and w as
velocity components in the x, y, and z directions, respectively, the vari-
ables can be decomposed as follows:
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FIG. 1. Computational domain.

u(x,y,z,t) = Uy) + ut(x,y,z,t),
v(x,y,2,t) = 0(x,p,2,t),
w(x,y,z,t) = w(x,y,2,t),

p(x’yvzv t) = P(x7)’) +1~’(X7)’,Z7 t),

and the non-Newtonian extra-stress tensors components can be
decomposed as

T(x,y,2,t) = Tb(y) + T(x,y,2,t),

where the components of the laminar flow (baseflow) are U(y), P(x, y),
and Tb(y). The components of the disturbed flow (disturbances) are rep-
resented with a superscript ~. The non-Newtonian tensor components
Tb,,, Tb,,, and Tb,, are zero for the baseflow. Figure 2 presents an exam-
ple of a baseﬂow result considering Re = 3400, f = 0.5, o = 0.1, and
Wi = 6. The maximum streamwise velocity component is below 1, but
the flow rate is the same as that of the Newtonian fluid flow
(J"i1 udy = 4/3). The extra tensor components Ty, T, and T, are nor-
malized by each maximum absolute value, 4.66 x 107*,5.38 x 107%,
and 1.24 x 107%, respectively. The derivative of this velocity compo-
nent in the wall-normal direction, also normalized by its maximum
absolute value, is shown. The Giesekus fluid parameters significantly
influence the baseflow, and the solution shown in Fig. 2 is only an exam-
ple. Baseflow examples and the influence of each parameter can be found
in Furlan ef al.”!

The baseflow is assumed steady (does not change in time) and
constant in the x and z directions. By the continuity equation, the

-1 -0.5 0 0.5 1

(a)

scitation.org/journal/phf

normal-wall component of the mean velocity is zero (the flow is locally
parallel). The baseflow was obtained using the solution form presented
by Furlan et al”' Substituting this decomposition into the equations
and subtracting from the resulting equations, the equations satisfied
by the laminar flow, and we obtain the linear equations with coeffi-
cients not depending on ¢, x, and z. Therefore, a solution in terms of
normal modes may be sought for the disturbances i, &, W, p, and T.
Rewriting the system of equations for the flow disturbances using the
solutions obtained by normal mode decomposition

u(x,y,2,t) :% [g (y)ei(axﬂsz,t) " cc,},
O(x,y,2,t) = % [ﬁ(y)ei(o(ervz—w,t) n cc.],
w(x,y,z,t) = % [W(y)ei(mﬂz—w,t) n cc.]’
p(x,y,2,t) = ! [p(y) (et yz—oot) +CC}
T(x,y,2,t) = [T(y) i(axtyz—ot +CC}

where the variables with overbar are the amplitude in each y position,
and cc. is the complex conjugate. Removing the overbar for simplicity
and simplifying, Eq. (1) can be rewritten as

) . dv
iou + iyw +— =0, (4)
dy

the momentum equation—Eq. (2), in each direction, can be given as

. . au P , du
—zwtzH—zUowH—v—:—mcp+ﬁ — (o —|—y)u+—

dy i
drT,

+ 0Ty + —2 + ipTys, 5)
dy

2
—iwv + iU = — % +% <(0(2 + yZ)U + ;lyl;)
ar,,
+iaTy +dierV/TyZa (6)

-1 -0.5 0 0.5 1

FIG. 2. Baseflow components for Re = 3400, 5 = 0.5, g = 0.1, and Wi=86. (a) Streamwise velocity component u. (b) dudy, and tensor component profile.
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TABLE I. Comparison between the wave velocities presented in Blonce?” and the results obtained in this work. The results of the present work were performed using 150

Chebyshev modes.

p oG Re Wi o) Blonce o, LST o

0.2 0.1 5489.34 47208324 0.207 149 60 1.0420 1.044 79 — 0.000 185 2i
0.3 4064.09 34951174 0.222 186 04 1.0636 1.063 30 4 0.000 065 2i
0.5 3593.21 3.090 160 6 0.229 959 84 1.0776 1.077 50 4 0.000 081 4i

0.5 0.1 4944.61 42523646 0.236 887 20 0.9970 1.001 25 — 0.000 044 3i
0.3 4271.79 3.6737394 0.244 079 86 1.0061 1.005 99 + 0.000 002 1i
0.5 4070.37 3.5005182 0.251057 88 1.0107 1.020 64 — 0.000 436 2i

0.8 0.1 5350.89 4.6017654 0.25922670 1.013 1.012 98 4+ 0.000 014 9i
0.3 5092.37 43794382 0.264 117 04 1.0174 1.020 31 — 0.000 031 3i
0.5 4980.98 42836428 0.264 454 52 1.0187 1.018 53 +-0.000 011 4i

—iww + iUoaw = —i +£ —(o? + 2)w+dz—w + ioT,
t = —1p Re b4 dyz xz

dT,,
+ =2+, ?)
dy

and the components of the extra stress tensor, Eq. (3), can be given as
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FIG. 3. Neutral curves for two-dimensional disturbances for different values of « considering Wi= 2, for (a) p = 0.125, (b) f = 0.25, (c) f = 0.5, and (d) § = 0.75.
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A . ) . d
Ty + Wi (—zthxy +i0UTyy — ioThxv Ty, + Wi(—ithyz + ioUT), — iaTbyyw — Tby, d—;v>
dTb,,  dU du oG WiRe (L—p) (dw .
+iyThew + Voo — T Th,. + (Tbyy Ty, + Tby,T,,) = — 4y ), (12)
110w dy v dy I yy dy) (1 _ ,B) Y - xz vy )’Z) Re d}’
WiR o , 2ip(1 - )
+ "éf - ﬁ)e [Ty (Tex + Tyy) + Tay(Thyy + Thy,)] Tez + Wil —ion Toz +i0UTe) = == ——w, (13)
(1—p) (du withi = +/—1.
=R \@ +iow |, ©) These equations indicate that the disturbances propagate as
4 waves, with frequency w,, wavelength A, = 27/0, and A, = 27/y.
dw dU The wave speed can be given as ¢ = w; /o, with o being the wavenum-
Ty, + Wi (—ithxz + ioUTy, — ioThw — Thy, I + — o Tyz) ber in the x direction and y the wavenumber in the z direction, and
y y the respective amplitudes u, v, w, p, and T.
oG WiRe =B, .
Tbu Ty, + ThyT)y,) = ——— ; 1 .
* (1-8) (16 + 1y The) Re (pu + ) (19 B solution method

The stability analysis is performed by obtaining the solution of
dv the system of equations (4)-(13). The system of equations is written in
dy matrix form, and the stability analysis problem becomes an eigen-

e ) dTb,, )
T,y + Wi —iw; T, + iaUT,, + d—y v — 2iaThyv — 2Tb),
value/eigenvector problem. In the present work, the spatial analysis of

20GWiRe 2(1=p)dv : - :
+ 226 oy T, + Thy, T, = 2(1 - p)dv 11 the disturbances was performed where the amplification rate o; is ana-
1 v 7 Re dy’ . wre : i
(1-5) e @y lyzed. Rewriting the system of equations in matrix form as
0.6 0.6 -
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FIG. 4. Neutral curves for two-dimensional disturbances for different values of « considering Wi=6, for (a) f = 0.125, (b) 5 = 0.25, (c) f = 0.5, and (d) § = 0.75.
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LV =oFV, (14)
for the eigenvector V,
V= [u7 ou, v, v, W, AW, p, T, Txy7 T, Tyy’ Tyz» Tzz}- (15)

It is possible to solve the stability analysis problem by finding the
eigenvalue o (or w, for the time analysis), using a method (direct or
iterative) for calculating the eigenvalue.

The y-direction derivatives are approximated using Chebyshev
polynomials.”** These polynomials are related to the cosine and sine
functions; therefore, the derivative calculations are found easily, with
the advantage of low discretization errors. Details about the matrices L
and F, their coefficients, and the boundary conditions are presented in
the Appendix.

C. Spatial and temporal analysis of instabilities

The solution of the system (14) corresponds to an eigenvalue
problem, whose solution exists for some values of the parameters o,
@y 7> Re, f, Wi, and o, and depends on the velocity profile of the
flow. The disturbances analyzed here are non-stationary and propa-
gate as Tollmien-Schlichting waves.
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When o, is a real number, and o is a complex number, the
amplitude of the disturbance can increase, decrease, or be neutral in
the direction of the laminar flow. Under these conditions, the formula-
tion is called a spatial formulation. The components w,, o,, and o; rep-
resent the frequency, the wavenumber, and the spatial amplification
rate, respectively. For the temporal formulation, o is a real number,
and ), is a complex number. The components ,, w;, and o represent
the frequency, the temporal amplification rate, and the wavenumber,
respectively.

lll. RESULTS

This section presents the results obtained for the stability analysis
of flows considering the Giesekus viscoelastic model. The neutral sta-
bility curves (stability diagram) were built considering the Reynolds
number on the horizontal axis and the angular frequency w, on the
vertical axis.

A. Two-dimensional disturbances analysis
1. Verification

In order to verify the numerical model, Table I presents compari-
sons between the results presented by Blonce™ for the stability analysis
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TABLE II. Comparison between the amplification rates obtained with the LST and DNS techniques. The results of the present work were performed using 150 Chebyshev

modes.

p oG Re Wi o o o; — LST o; — DNS
0.25 0.005 12000 8 0.13 0.785534 1 0.004 189 69 0.004 266 69
0.25 0.005 12000 8 0.13 0.8 0.6020718 -0.010264 97 -0.01055978
0.50 0.1 3400 6 0.29 0.1 1.099 696 4 0.010294 14 0.01042072
0.50 0.1 3400 6 0.29 0.8 0.987494 4 0.025568 69 0.025545 35
0.50 0.15 7300 8 0.20 0.2 0.92538702 -0.01351977 -0.01349773
0.75 0.4 4700 8 0.27 1.2 0.820487 32 0.060 347 85 0.060 12240

of the Giesekus model flow with the results obtained using the present
method. This comparison is performed using a neutral growth rate
o; = 0 (ie., values at the neutral stability curve), obtained by solving the
system (14). Blonce™ uses different variables than the one used in this
paper, such as the parameter E, written as E = Wi/Re, and the equa-
tions for the disturbances wave velocity ¢ are used. To verify the results
presented in this work, the value of E = 8.6 x 10~* was adopted.
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2. Two-dimensional stability analysis

The parameter o of the Giesekus model influences two- and
three-dimensional disturbances. Therefore, it is necessary to analyze
the influence of this parameter under both types of disturbances. For
two-dimensional disturbances, a variation of this parameter was per-
formed considering different values of f§ and the Weissenberg number
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FIG. 9. Eigenfunctions for = 0.50, ag = 0.1, Re = 3400, Wi=6, w; = 0.29, 7 = 0.8, and o; = 0.025568 69. (a) Velocity components and the pressure. (b) Extra stress

tensor components.

in order to analyze its influence under many different conditions and
flow characteristics.

Figure 3 presents the neutral stability curves for two-dimensional
disturbances by varying the values of the parameter o, considering
Wi=2,and f§ = 0.125,0.25, 0.5, and 0.75.

It is possible to observe that the parameter o, for these cases,
acts as a stabilizing factor in the flow for low values of og. As og
increases, the instability region starts to grow. In the plots where the
curves do not appear, the stabilization was so high that the critical
Reynolds is higher than 8000. As the percentage of solvent viscosity
contribution increases in the fluid mixture (f — 1), this stabilizing
effect becomes smaller, to the point that the neutral curves for
f = 0.75 do not show significant differences between the Oldroyd-B
fluid (o = 0) and the Giesekus fluid.

An interesting behavior in these results is how the neutral curve
decreases in size (increasing the critical Reynolds) and then increases
again (decreasing the critical Reynolds) as the parameter o increases.
This behavior is more pronounced when we look at the neutral curves

1

081
0.6 1

0.4

02§

considering smaller values for f8, that is, the most significant non-
Newtonian contribution in the fluid mixture (about 87.5%). As the
Newtonian contribution increases in the fluid mixture with increasing
[, this behavior reduces, as shown in Fig. 3(d).

As the o parameter is related to the mobility of the fluid, it is
interesting to analyze its influence as the elasticity of the fluid
increases. Figure 4 presents the neutral stability curves for two-
dimensional disturbances by varying the values of the parameter o,
considering Wi =6, and § = 0.125, 0.25, 0.5, and 0.75.

The parameter o stabilizing effect held for small values even
with increasing Weissenberg. It can be observed that this effect
was more substantial, as a slight increase in o (0 — 0.001) caused
the critical Reynolds to increase from ~2500 to more than 8000
(considering the cases ff = 0.125 and 0.25). It is also possible to
observe that, as the value of the parameter o increases (values
greater than 0.05), the critical Reynolds decreases to the point that
for oG = 0.4, the critical Reynolds is smaller than that of the
Oldroyd-B model.
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FIG. 10. Eigenfunctions for f# = 0.50, ag = 0.15, Re=7300, Wi=8, « = 0.20, y = 0.2, and o; = —0.01351977. (a) Velocity components and the pressure. (b) Extra-

stress tensor components.
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When the value of the Weissenberg number increases to 8, the
behavior of the neutral stability curves can be observed in Fig. 5 for
B = 0.125,0.25, 0.5, and 0.75.

The critical Reynolds value decreases as the Weissenberg number
increases for higher amounts of polymer viscosity in the mixture.
When the amount of solvent viscosity in the mixture increases, this
behavior is less pronounced since the amount of polymer viscosity is
high. However, the increase in o continues to cause the instability
regions to increase after a certain threshold. The results show the influ-
ence of 0., which for low values is stabilizing, even considering higher
values for the Weissenberg number. However, for higher values of this
parameter, it is possible to observe that the destabilizing effect also
increases.

The viscosity of the polymer has the effect of increasing the
potential of the parameter 0. The stabilizing and destabilizing effects
are enhanced for high amounts of polymer in the mixture. As the
amount of polymer in the fluid decreases, both effects decrease their
power.

Figure 6 presents the neutral curves for the same values of o
shown in the last figures, considering Wi = 10. The behavior exhibited
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by the influence of the parameter o holds for this value of the
Weissenberg number.

Comparing the results from Figs. 3 and 6, the lower critical
Reynolds numbers for higher Wi as o increases may be associated

with both the increased influence of the anisotropic stress tensor com-
ponents and shear thinning associated with higher «g. The stabilizing

effect of the high values of elastic forces (Wi = 10) and solvent viscos-
ity effect (increasing ) is offset by the destabilizing effects of the aniso-

tropic stress tensor and shear thinning for large values of ag. This

effect will be considered again for three-dimensional disturbances
where, in addition, the anisotropic fluid properties are relevant to the
amplification of oblique waves.

3. Wave speed analysis

Figure 7 analyzes the influence of the shear thinning parameter,
o, and the amount of solvent in the mixture, 5, on the wave speed
¢ = /o, In Fig. 7(a), it can be seen that the phase velocity slightly
increases after o = 0.05, but for values lower than 0.05, a significant
increase in the phase velocity is observed. However, the maximum
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FIG. 11. Critical Reynolds number for three-dimensional disturbances for different values of f and og for Wi=2, for (a) = 0.125, (b) f = 0.25, (c) f = 0.5, and (d)

B =075
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difference observed in this graphic is around 0.09. The influence of §
presented in Fig. 7(b) shows that after f = 0.25, the change in the
phase velocity is small, but a more considerable increase can be
observed for f§ = 0.125. The substantial variation observed on the
neutral curves when o; increases from zero to 0.05 is also observed for
the wavenumber o, and, consequently, on the wave speed, as observed
in Fig. 7(a).

B. Three-dimensional disturbance analysis

As presented in Furlan et al,”’ it is impossible to predict the
behavior of three-dimensional disturbances by considering Squire’s
theorem for the Giesekus model. Therefore, it is necessary to perform
a separate analysis for three-dimensional disturbances.

1. LST and DNS comparisons

Table IT compares the LST results with DNS results”® considering
three-dimensional disturbances (7 > 0). Araujo™ solved the stability
problem for this same viscoelastic model using the DNS technique.

0.8 -

ARTICLE scitation.org/journal/phf

The DNS code adopted™ is based on vorticity—velocity formulation
and is an extension of the 2D code adopted by Brandi et al.”® The code
uses compact finite differences for the streamwise and wall-normal
directions and Fourier transforms in the spanwise direction for spatial
discretizations.

Table 1T shows a good agreement between the results obtained by
the two computational techniques for the stability analysis. This agree-
ment assures the quality of the results obtained in this work consider-
ing three-dimensional disturbances.

The only change in the second line of Table II compared to the
first line is that the spanwise wavenumber y changes from 0 to 0.8.
The o; changes from a positive value to a negative one, showing
that the three-dimensional disturbance is unstable while the
two-dimensional one is stable. This proves the non-applicability of
the Squire theorem for this fluid model. This behavior is also illustrated
in Fig. 8, for Wi=2, Wi=6, Wi=8, and Wi=10. This figure
shows neutral stability curves for different values for the spanwise wave-
number .

Figure 8 shows that increasing the Weissenberg number stabilizes
two-dimensional disturbances. This effect is so strong that, from
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Phys. Fluids 34, 124109 (2022); doi: 10.1063/5.0125989
Published under an exclusive license by AIP Publishing

34, 124109-11


https://scitation.org/journal/phf

Physics of Fluids

Wi=6 [Fig. 8(b)], the critical Reynolds for these disturbances is
above 12000. However, for Wi=2 [Fig. 8(a)], it is possible to
observe that Squire’s theorem is not valid for this fluid. Increasing
the spanwise wavenumber causes a reduction in the critical
Reynolds for the neutral curves of the three-dimensional disturban-
ces. The increase in the spanwise wavenumber causes possible antici-
pation of the transition, characterizing a destabilizing factor for
these flows. This behavior is more pronounced as the Weissenberg
number increases. The critical Reynolds number for the two-
dimensional disturbances of these flows is above 12 000. However,
the critical Reynolds numbers for the three-dimensional
disturbances of these flows are Re. ~ 9285.937 for Wi=6,
Re. =~ 9320.41 for Wi=8, and Re, ~ 8 585.16 for Wi=10.
Therefore, for fluid flows of this viscoelastic model, three-
dimensional disturbances can be much more unstable than
two-dimensional ones. The same parameters adopted for the two-
dimensional analysis were used in the three-dimensional analysis,
changing the spanwise wavenumber 7. These results are presented by
using the critical Reynolds numbers. To standardize and make it easier
to understand the graphs, for the different values of the Giesekus
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model parameter o, the colors used for these two-dimensional curves
in Fig. 3 were kept.

2. Eigenfunction analysis

The eigenfunction for the data in 4 and 5 lines of Table II are
shown in Figs. 9 and 10, respectively. These choices correspond to sta-
ble and unstable results, respectively. The eigenfunction of the velocity
components and the pressure are normalized by the maximum abso-
lute value of the eigenfunction u. The eigenfunction of the extra-stress
tensor components are normalized by the maximum absolute value of
the T, eigenfunction. The eigenfunctions of the velocity components
and the pressure are shown in Figs. 9(a) and 10(a), respectively. The
eigenfunctions of the extra stress tensor components are shown in
Figs. 9(b) and 10(b), respectively.

The streamwise and spanwise velocity disturbance eigenfunctions
are higher near the walls, where the streamwise base flow velocity gra-
dients and the shear stresses and shear strain are higher and correspond
to the region where the fluid stretching is also highest. At the wall, the
extra stress tensor is at its maximum value, decaying toward the center
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where the streamwise velocity gradients go to zero. These results show
a strong relation between shear and non-Newtonian behavior.

The maximum values of the streamwise eigenfunctions are very
close to the critical layer y,, where the wave speed ¢ matches the base
flow streamwise velocity U(y.). These values are y = +0.851 and
y = %+0.878 for the cases shown in Figs. 9 and 10, respectively.

The wave speed variation with f§ [see Fig. 7(b)] increases signifi-
cantly when f increases from 0.125 to 0.25. This corresponds to a shift
of the critical layer away from the wall.

3. Three-dimensional disturbance critical Reynolds
analysis

Figure 11 presents the variation of the critical Reynolds number
for different values of the Giesekus model, considering Wi=2, for
B = 0.125,0.25,0.5, and 0.75.

It is worth noting that some flows do not have points for span-
wise wavenumbers. This is because, for these wavenumbers, stabiliza-
tion has caused the critical Reynolds to shift to values above 12 000.
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Figure 11, for the same values of f§ analyzed in the last figure,
shows that, as the Newtonian contribution in the fluid mixture
increases, the range of values for critical Reynolds decreases. In other
words, for high f values, o has a more limited influence on Re,. This
result shows the influence of the polymer viscosity on the stability of
the flow and was also observed for two-dimensional disturbances pre-
sented in Figs. 3-6. The influence of o is reduced by the polymer vis-
cosity and elasticity.

To analyze the influence of elasticity under the three-dimensional
disturbances and its stabilizing/destabilizing effect, Figs. 12-14 present
the variation of the Reynolds number, considering Weissenberg number
equal to 6, 8, and 10, respectively. The values of  shown in these figures
are f = 0.125, f = 0.25, f = 0.5,and f = 0.75.

For three-dimensional disturbances, it becomes evident that
Squire’s theorem is not valid for the Giesekus model, for which o is
associated with anisotropy effects. Figures 12-14 show that, for low
values of o, increasing three-dimensionality may result in lower criti-
cal Reynolds numbers. As o or f§ increases, three-dimensional waves
tend to be more and more stable than two-dimensional waves. The
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FIG. 14. Critical Reynolds number for three-dimensional disturbances for different values of 7 and g for Wi=10, for (a) f = 0.125, (b) f = 0.25, (c) f = 0.5, and (d)

B = 0.75.
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result is somewhat unexpected since higher values of o correspond to
higher anisotropy, which is the main reason to contradict Squire’s
theorem.

As the Weissenberg number increases, three-dimensional distur-
bances become more predominant in flow’s destabilization. Even with
the solvent contribution increase, which has the characteristic of stabi-
lization, it is possible to observe a reduction of the critical Reynolds
value for f = 0.5, showing that the three-dimensional disturbances
remain more unstable than the two-dimensional ones. This shows the
influence of the effect of elasticity on flow stability. Higher elasticity in
the viscoelastic fluid means a significant influence of three-
dimensional disturbances on flow stability. If combined with low
values for the parameter o and with high polymer viscosity in the
mixture, one can have a reduction in the critical Reynolds value from
~11 000 considering two-dimensional disturbances to ~7000 consid-
ering y = 1 [Fig. 14(a)] for the same flow.

IV. CONCLUSION

This work presents a linear stability analysis for viscoelastic fluid
flows to non-stationary disturbances. The constitutive equation for the
Giesekus model (3) was used as the viscoelastic model. The fluid flow
adopted was incompressible, isothermal viscoelastic flow between par-
allel plates. In the present work, only the spatial analysis was per-
formed. The adopted method was verified by comparing the results
obtained using the present formulation with the work of Blonce,”
showing an excellent agreement.

The results explore the influence of the parameter o of the
Giesekus model over the flow stability. It could be verified that small
values for this parameter stabilize the flow, increasing the value of the
critical Reynolds number. However, as this parameter increases, the
opposite effect is verified, becoming a destabilizing factor in the flow.
These characteristics are intensified with the increase in the
Weissenberg number and when considering higher polymer viscosity
in the fluid mixture. These characteristics are valid for both two- and
three-dimensional disturbances.

Furlan et al”” presented a theoretical study on the validity of
Squire’s theorem for viscoelastic fluid models. That study has shown the
validity of Squire’s theorem for isotropic non-Newtonian models. On
the other hand, for anisotropic models, both DNS and LST results show
that Squire’s theorem is not valid. Therefore, the numerical results pre-
sented in this work support the theoretical study by Furlan et al.”’

The results show that low values of o associated with low values
of f and high values of Wi result in three-dimensional disturbances
that are more unstable than two-dimensional disturbances. It shows
that, in this case, Squire’s theorem is not applicable. As ¢ increases,
two-dimensional disturbances tend to be more critical than three-
dimensional disturbances, and as f and Wi increase, the destabilizing
effect of anisotropy is reduced.
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APPENDIX: MATRIX METHOD

The matrix method consists of rewriting the system of equa-
tions (4)—(13) in the form

LV = oFV, (A1)
with the eigenvector V defined as
V= [u, o, 0, 0, Wy oW, P, T, Txy> T, Tyy> Tyz> TZZ}T‘ (A2)

Here, the mathematical manipulation required for this solu-
tion method is presented.

The matrix system is rewritten in such a way that each row of
the matrix corresponds to an equation of the system (4)-(13), and
the addition of three rows is required to make the system closed
and the matrices square. The matrices L and F have the coefficients
for the disturbances in the eigenvector V.

We are defining the matrix L [left-hand side of the system—
Eq. (Al)] and the matrix F [right-hand side of the system—Eq.
(A1)] in the form with the subindexes (i, j) of L;; and F;; denoting
row and column, respectively.

For consistency and familiarity with the subindex notation, we
rewrite the eigenvector (A2) as follows:

V = [V, V2, V3, V4, Vs, Vi, V7, Vs, Vo, Vig, Vin, Via, V13]T~ (A3)

For the first line i=1, the continuity equation [Eq. (4)] is
rewritten in the form
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Liz*Vs+Lis* Vs =0F,;xV, (A4)
with
L,z =Dy,
Lis =iyl
and
Fi1=—il.

It is worth noting that each element of the matrices L and F is
square matrices with dimension n x n, with n being the number of
Chebyshev modes used to approximate the derivatives by polyno-
mials; the term Dy is the Chebyshev matrix for the first derivative,
and Dy2 is the Chebyshev matrix for the second derivative. All
other elements for both matrices in this row are null.

The second line, i =2, is one of the lines included in the sys-
tem so that the matrices L and F are square, so in that line, we have

L2_2 * V2 = OCFZ,I * Vl, (AS)

Wlth Lz‘z = FZ,l = I
For i =3, the momentum equation in the x direction [Eq. (5)]
is rewritten as

L3y % Vi + L3z * V3 + Lag* Vo + L3jo* Vig
= OC(F371 * V1 + F372 * Vz + F377 * V7 + F3,8 * Vg), (A6)

with
) B ) du
Ly, = —iwd — —(Dy2 — y1 Ly; =—
3,1 10t Re( 'y Y )7 3,3 dy?
Lyo = =Dy, Lsio= -0l
. B
Fy; = —iU, F,=—-1
3.1 [ 3.2 Re
F3_’7 == 711, F373 = II

For i =4, the procedure is the same as for the row i =2,
L4>4 * V4 = 0(F413 * V37 (A7)

Wlth L474 = F473 =1L
For i =5, the momentum equation in the y direction [Eq. (6)]
is rewritten as

Ls3* V3 + Ls7 % V;+ Lsyy * Vip + Ls1p % Vi
= 0(Fs3 % V34 F54 % Vi + Fs 9 % Vo), (A8)
with
Lsy = —io] — % (Dy2 —y*1), Ls; = Dy,
L5y = —Dy, Lsy; = —iyl,

Fs3=—iU, Fs4= —EL Fs9 =il
, , Re ,

For i =6, the procedure is the same as for the rows i =2 and
i=4,
L6,6 * V6 = O(F6,5 * Vv57 (A9)

with L6,6 = F6,5 =1L

scitation.org/journal/phf

For the line i=7, the momentum equation in the z direction
[Eq. (7)] is rewritten as
Lys* Vs +Ly7% Vy+Lyox Vig+Lyizx Viz

= o(F75 % Vs + F76 % Vs + F710 * V1o), (A10)

with

Lys = —iod — Rﬁ (Dy2 — 1), Ly, = iyl,
. ,

Ly = —Dy, L713=—il,

F7,5 = —iU, F7,6 = —EL

F; 40 = il
Re 7,10

For i =8, the constitutive equation for the tensor T, [Eq. (8)]
is rewritten as

Lgyl * V1 + L8.3 * V3 + Lg"g * Vg =+ Lgyg * V9

= O((Fg‘l * V) + ngg * va)7 (All)

with

dTbh

Ly = —2WiTb, Dy, Lgs= Wid—y"",

ReWiocG
(P

dU _ ReWing
Leo = —2Wi" 42 Tb,,
R TR T

(1-p)
Re

Lg‘g =1- iC!)t Wil 42 Tbxx7

I, Fg,g = —IWIU

For i=9, the constitutive equation for the tensor T, [Eq. (9)]
is rewritten as

Loy *Vy+Los* V34 Los*Vs+ Log# Vg+ Log* Vg+ Loy * Vg

= o(Fo3* V3 + Fog x Vo), (A12)
with
. (1 B ﬁ) dTbxy
Loy = —WiTb,,Dy — D Lg; = Wi
9,1 L0y Uy Re 2 9,3 dy )
R ReWia
L915 = l"/WlTbx},, Lg‘g = (1 — /33; Tbxy,
ReWi
Loy = 1 — ico, Wil + =0 (Thy, + Thy, ),
(1-5)
dU  ReWiog
Loy = —Wi— +——-Tb,,,
dy (1-p) 7
1 —
Fo3 = iWiTby, + i( Reﬁ) I, Foo=—iWil.

For i=10, the constitutive equation for the tensor T,, [Eq.
(10)] is rewritten as

Loy * Vi + Lios * Vs + Lig,10 * Vio + Lio2 * Viz

= o(Fio5 * Vs + Fio,10 * V1o), (A13)

with
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. (1- )
L1 = _W%L Lys = —WiTb,,Dy,
. . ReWin
Lyo10 =1 — i, Wil + rﬁ? Tbyy,

dU  ReWiag

Ligiz = — Wi 4 Gy

dy " (-p

1—
Fios = iWiTby, + i%l, Fio10 = —iWiU.

For i=11, the constitutive equation for the tensor T, [Eq.
(11)] is rewritten as

Liis* Vs + Litg* Vo + Lyt * Vin = o(Fii3 * V3 + Fiin % Vi),

(A14)
with
.dTby, - (1-p)
Lz = Wi B 2WiTb,,Dy — 25Dy,
ReWiu,
L11,9 = 27(1 — ﬂ; Tbxy7
. . ReWiocG
Lll,ll =1- za)thI + ZW Tb)’}/,
F11‘3 = ZlWlTbxy, Fll,ll = —iWilU.

For i=12, the constitutive equation for the tensor T, [Eq.
(12)] is rewritten as

Liss* V3 + Lias* Vs + Ligio* Vig + Liz 12 * Via

= a(F1215 * V5 + F12712 * VlZ)a (AIS)
with
(1-p)
L = —jp—=1
12,3 y Re s
, (1-8)
L5 = —WiTby,Dy — TD}/’
ReWiog
Lizio = Thyy,
1-p 7
ReWiog
L12712 =1—-ioWil+-—-7+- Tb ,
-5
Fips = iWinx)u Fi 10 = —iWil.

Finally, for the line i=13, the constitutive equation for the
tensor T, [Eq. (13)] is rewritten as

Lizs* Vs + Li3 13 * Viz = aF1313 * Vi3, (A16)

with

- (1-p)
Lizs = —2iy——1
13,5 ry Re s

L13‘13 =1- l(,()thI,
F13,13 = —iWiU.

The boundary conditions imposed no slip and no penetration
at the wall, setting u, v, and w equal to zero at these boundaries.
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